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Abstract. This article addresses theoretical and numerical investigation of image formation in photoacoustic
(PA) imaging with complex-shaped concave sensor arrays. The spatial resolution and the size of sensitivity
region of PA and laser ultrasonic (LU) imaging systems are assessed using sensitivity maps and spatial res-
olution maps in the image plane. This paper also discusses the relationship between the size of high-sensitivity
regions and the spatial resolution of real-time imaging systems utilizing toroidal arrays. It is shown that the use of
arrays with toroidal geometry significantly improves the diagnostic capabilities of PA and LU imaging to inves-
tigate biological objects, rocks, and composite materials. © 2017 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI:
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1 Introduction
The capabilities of biomedical photoacoustic (PA) imaging
were remarkably enhanced by significant advances in computer
technology and the use of confocal and toroidal piezoelectric
transducer arrays.1–7 The complexity of design of PA and laser
ultrasonic (LU) imaging systems requires the development of
criteria and techniques for their assessment at the design stage
and calibration after manufacturing. The main characteristics of
any imaging system are the size of sensitivity region (the region
in space in which a signal source can be reliably recognized),
spatial resolution (the minimum distance between distinguish-
able objects in an image), and depth of field (the size of the
region within which high spatial resolution is achieved).
In designing biomedical PA and LU imaging systems, it is
important to maximize the size of the sensitivity region and
depth of field as well as to improve the spatial resolution.

Real-time diagnostics of biological objects and nondestruc-
tive testing often require two-dimensional (2-D) visualization of
the object under study. Reconstruction and analysis of three-
dimensional (3-D) images in real time is a separate complex
task, requiring considerable computing power. Real-time PA
and LU image reconstruction is usually based on the back-
projection algorithm,8 which can be effectively parallelized
on graphics processors.9 (Real-time operation mode precludes
the use of computationally intensive model-based algorithms,
which can compensate for distortions caused by the finite
size of receivers.10,11) In 2-D imaging, the array should be
designed to receive signals from sources in the image plane.
To form a sufficiently “thin” image plane, the array is focused
in the direction perpendicular thereto.12 Focusing the array in the
image plane itself allows the field of view to be increased and
spatial resolution to be improved13,14 at the expense of the

smaller sensitivity region. Indeed, the smaller the size of an
ellipsoidal Gaussian PA source, the wider its directivity pattern
in the corresponding direction;13 that is why the greater the
angular aperture of the array for a given point of the image
plane, the higher the spatial resolution at this point.14 In the case
of a planar array, the field of view is limited to the angle of total
internal reflection of ultrasound at the boundary between the
immersion fluid and the array material. Toroidal arrays are
focused in both the image plane and the direction perpendicular
thereto. Thus, real-time 2-D imaging systems equipped with
such arrays appear promising for investigation of biological
objects,5–7,15 femtosecond laser filaments,16 etc., where high
spatial resolution in a limited spatial region is required.

The limited view issue has been widely discussed in PA
imaging. In Ref. 17, the “visibility” condition is formulated.
If there exists a point P on the sharp boundary L of the object
under study for which the normal to L does not pass through any
receiver, then the image of Lwill be mandatorily blurred away at
P (“invisible”). In scenarios where enclosing the object in the
detection surface and achieving full view are possible (for in-
stance, small animal imaging18,19 or imaging of femtosecond
laser filaments16) using full-ring detection is advantageous
because it eliminates partial-view artifacts and mitigates image
blurring. However, in many realistic PA imaging scenarios, lim-
ited view effects are unavoidable.20 Beyond increasing acoustic
coverage, multiple images acquired in various conditions can be
superposed to enhance image quality. The object under study or
the sensor array can be rotated, and images acquired for various
rotation angles can be averaged.21 Multiple images of random
sparse distributions of artificially created small PA sources
within “invisible” structures can be nonlinearly combined.20

However, approaches suggesting acquisition of multiple images
can mitigate partial-view artifacts at the expense of longer
imaging time which may be problematic for moving objects.

*Address all correspondence to: Anton S. Bychkov, E-mail: abychkov@
optoacoustic.ru 1083-3668/2017/$25.00 © 2017 SPIE

Journal of Biomedical Optics 076003-1 July 2017 • Vol. 22(7)

Journal of Biomedical Optics 22(7), 076003 (July 2017)

http://dx.doi.org/10.1117/1.JBO.22.7.076003
http://dx.doi.org/10.1117/1.JBO.22.7.076003
http://dx.doi.org/10.1117/1.JBO.22.7.076003
http://dx.doi.org/10.1117/1.JBO.22.7.076003
http://dx.doi.org/10.1117/1.JBO.22.7.076003
http://dx.doi.org/10.1117/1.JBO.22.7.076003
mailto:abychkov@optoacoustic.ru
mailto:abychkov@optoacoustic.ru
mailto:abychkov@optoacoustic.ru


In this study, we assume the single-impulse acquisition scenario
for real-time PA imaging.

The size of the sensitivity region, depth of field, and spatial
resolution of arrays are determined by their geometry, sizes of
receivers, and number of receivers. To obtain the spatial reso-
lution in a given point in space, the Rayleigh integral12 is usually
calculated and point spread function (PSF) is reconstructed. In
Refs. 12, 22–24, for arrays focused only on the image plane,
the “thickness” of the latter was estimated using sensitivity
maps constructed for a single receiver in a plane perpendicular
to the image plane using the amplitudes of the received pressure
signals. For such arrays, the relationship among spatial resolu-
tion in focus and field of view, number of receivers, and their
sizes was studied thoroughly. Also, the dependence of the focal
resolution on the angular aperture of the arrays focused only in
the image plane was addressed.14,25 The main disadvantage
of the latter type of arrays is a “thick” image plane. In Ref. 7,
the sensitivity fields for spherical and toroidal arrays in the
image plane were calculated by rotating and summing single-
element sensitivity fields, and sensitivity was defined as the
maximum pressure signal amplitude from a given position.
Although the aforementioned techniques have been used to
build experimental sensor arrays and should be considered
for quick performance analysis, the ever-growing power
of modern computers makes more computationally intensive
methods applicable. As the final result of the imaging process
is an image, we suggest that it is the image and its features that
need to be quantified and used for assessing and comparison.

In this study, it is proposed that the size of the sensitivity
region, depth of field, and spatial resolution of toroidal arrays
for real-time PA imaging should be estimated using sensitivity
maps and spatial resolution maps in the image plane, con-
structed for the sensor array as a whole using the backprojection
algorithm. The technique for construction of such maps is
described in detail and the results of the computational research
are discussed. The numerical estimates of the size of the sensi-
tivity region and spatial resolution are given for arrays with dif-
ferent apertures and receivers of various sizes. The relationship
between the size of the sensitivity region and the spatial reso-
lution is studied for real-time image visualization systems with
toroidal arrays. Sensitivity maps and spatial resolution maps
might help in optimization of array geometry and the number
and size of receiving elements.

2 Construction of Sensitivity Maps and
Spatial Resolution Maps

In PA imaging, the pressure field pð~r; tÞ in an acoustically
homogeneous medium is the result of absorption of a short
laser pulse. Due to the small duration of the laser pulse, the
thermal energy density released at point ~r may be considered
proportional to the Dirac delta function δðtÞ of time ðtÞ.
Neglecting viscosity and thermal conductivity of the medium,
wave equation for pð~r; tÞ in this case can be written as1,26

EQ-TARGET;temp:intralink-;e001;63;167

�
∂2

∂t2
− c2Δ

�
p ¼ p0ð~rÞ

dδðtÞ
dt

: (1)

Here p0ð~rÞ ¼ pð~r; t ¼ 0Þ is the initial pressure distribution
in the medium, Δ is the Laplace operator, and c is the speed
of sound. In the case of PA point source with amplitude P0

[p0ð~rj~r0Þ ¼ P0δð~r − ~r0Þ] placed at point ~r0, the solution
pptð~rj~r0; tÞ of Eq. (1) has the following form:

EQ-TARGET;temp:intralink-;e002;326;540pptð~rj~r0; tÞ ¼
1

4πc2
P0

j~r − ~r0j
dδðt − j~r − ~r0j∕cÞ

dt
: (2)

In order to construct sensitivity maps and spatial resolution
maps correctly, the finite size of the receiver with area ΔS and
its frequency response H̃ðωÞ should be taken into account.
The Fourier transform of pressure p̃pt

d ð~rSj~r0;ωÞ measured by
the receiver located at the point defined by vector ~rS is equal to
the product of the Fourier transform of pressure [Eq. (2)]

EQ-TARGET;temp:intralink-;e003;326;435p̃ptð~rj~r0;ωÞ ¼
Z∞
−∞

pptð~rj~r0; tÞe−iωtdt

¼ iω

4πc2
P0

j~r − ~r0j
e−iωj~r−~r0j∕c; (3)

and H̃ðωÞ averaged over its surface Sj:

EQ-TARGET;temp:intralink-;e004;326;338p̃pt
d ð~rSj~r0;ωÞ ¼

1

ΔS

ZZ
Sj

p̃pt½ð~rS þ ~ρÞj~r0;ω�H̃ðωÞd~ρ: (4)

In Eq. (4), the receiving element has the shape of a segment
of a torus, a cylinder, or a sphere. The Fourier transform of
pressure p̃pt

d ð~rSj~r0;ωÞ in our calculation was approximated by
the sum

EQ-TARGET;temp:intralink-;e005;326;239p̃pt
d ð~rSj~r0;ωÞ

≈
1

ΔS

XNφ

k¼1

XNθ

m¼1

p̃pt½ð~rS þ ~ρkmÞj~r0;ω�H̃ðωÞΔSφθ; (5)

where points ~ρkm form a rectangular grid on Sj with respect to φ
and θ with steps of Δφ and Δθ, respectively; Nφ and Nθ are
the number of grid points with respect to φ and θ; ΔSθφ ¼
RΔθ · fΔφ;, f is the curvature radius of the receiver in the
direction perpendicular to the image plane; and R is the curva-
ture radius of the array in the image plane OQ1Q2 (see Fig. 1).
The centers of all receiving elements were situated on the
circular arc Q1Q2 with the center of curvature at the origin
O for toroidal and spherical arrays and on the straight-line

Fig. 1 The typical example of toroidal array.
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segment Q1Q2 for cylindrical arrays. In our calculation,
H̃ðωÞ ¼ exp½−ðω∕ωcÞ2�, where ωc ¼ 2π · ð7 MHzÞ, the cutoff
frequency.

Estimation of the sensitivity region and spatial resolution of
the imaging system is based on the analysis of PSFð~rj~r0Þ (point
spread function), which is defined as an image of PA point
source reconstructed by the system. PSFð~rj~r0Þ functionally
depends on the image spatial coordinates ~r and parametrically
depends on the coordinates of the point source ~r0 and it is
considered to be the fundamental characteristic feature of an
image in theoretical models of PA and LU imaging formation.
PSFð~rj~r0Þ is also influenced by a number of factors. Loss
of high-frequency components of the pressure signal due to
acoustic attenuation in the medium and limited bandwidth of
receivers lead to image blurring.10,16,27 PSF is greatly influenced
by the receiver size as the signal is averaged over its surface.10,27

If the number of receivers is rather small, the image exhibits
severe artifacts that can be interpreted as nonexistent sources.10

PSF essentially depends on the reconstruction algorithm.
If the pressure signal from the PA point source pptð~rSj~r0; tÞ is
known at every point determined by ~rS on the detection surface
S that subtends the solid angle Ω, then the initial pressure dis-
tribution p0ð~rj~r0Þ in the medium can be reconstructed using
the backprojection algorithm8

EQ-TARGET;temp:intralink-;e006;63;484

p0ð~rj~r0Þ ¼ 2

Z
S

�
pptð~rSj~r0; tÞ − t

∂pptð~rSj~r0; tÞ
∂t

�
t¼j~r−~rSj∕c

×
~nS · ð~r − ~rSÞdS
Ωj~r − ~rSj3

: (6)

Here ~nS is the normal to surface S at the point specified
by vector ~rS. The reconstructed initial pressure distribution
p0ð~rj~r0Þ in Eq. (6) is the PSF for an ideal system with infinite
number of point-like receivers with infinite bandwidth. In our
study, PSFð~rj~r0Þ was reconstructed from N pressure signals
ppt
d ð~rSjj~r0; tÞ measured by each of N identical receivers located

on the surface S at the points defined by vectors ~rSj
(j ¼ 1;2; : : : ; N) using the formula8

EQ-TARGET;temp:intralink-;e007;63;310

PSFð~rj~r0Þ ¼
2P

N
j¼1 ΔΩj

·
XN
j¼1

ΔΩj

�
ppt
d ð~rSjj~r0; tÞ − t

∂ppt
d ð~rSjj~r0; tÞ

∂t

�
t¼j~r−~rSjj∕c

;

(7)

where ~nSj is the normal to the detection surface at point ~rSj in
a direction toward the PA source,

EQ-TARGET;temp:intralink-;e008;63;189ΔΩj ¼
~nSj · ð~r − ~rSjÞ
j~r − ~rSjj3

ΔS: (8)

Note that, unlike p0, PSF can take negative values due to
the finite number of receivers.

Functional dependence of PSF on image spatial coordinates
~r, when ~r0 is fixed, enables its maximum amplitude

EQ-TARGET;temp:intralink-;e009;63;98Ið~r0Þ ¼ max
~r

fPSFð~rj~r0Þg; (9)

as well as axial Að~r0Þ and lateral Lð~r0Þ spatial resolutions deter-
mined as full widths at half maximum (FWHM) to be found.
The dependence Ið~r0Þ shows the region in space (3-D sensitivity
map), where the current array configuration exhibits high sen-
sitivity. Likewise, 3-D spatial resolution maps Að~r0Þ and Lð~r0Þ
show the spatial resolution and depth of field for the given array
configuration.

Although 3-D maps provide complete information required
to assess and compare different array configurations, construc-
tion of 3-D maps is a computationally intensive consumable
task. We focus on a current study investigation of 2-D slices
of 3-D sensitivity and spatial resolution maps in the image
plane (y0 ¼ 0): Iðx0; z0Þ, Aðx0; z0Þ, and Lðx0; z0Þ for toroidal
arrays and their dependence on array parameters. All calcula-
tions were done in MATLAB software package (MathWorks)
on AMD FX-9590 CPU @ 4.7 GHz (AMD) and accelerated
on NVIDIA GeForce GTX 780 GPU (NVIDIA).

Figure 2 shows a typical example of PSFðx; zjx0; z0Þ with
corresponding maximum amplitude Iðx0; z0Þ, axial Aðx0; z0Þ,
and lateral Lðx0; z0Þ spatial resolutions (a) and the typical
3-D sensitivity map Ið~r0Þ (b) for toroidal array with R ¼
60 mm, f ¼ 40 mm, N ¼ 16, d ¼ 1 mm, φ ¼ 45 deg, and
θ ¼ 23 deg as shown in Fig. 1, where D denotes the FWHM
in the lateral z-direction of the 2-D sensitivity map in the image
plane xz.

2-D sensitivity and spatial resolution maps were constructed
for cylindrical (R ¼ ∞), spherical (R ¼ f), and toroidal (R ≠ f)
arrays with different apertures and with up to 64 identical receiv-
ers of various sizes (see Fig. 1), where R is the curvature radius
in the image plane and f is the curvature radius in the direction
perpendicular thereto. Centers of curvature (foci of individual
receivers) in the direction perpendicular to the image plane
formed the focal line. Toroidal arrays also had two angular
apertures: φ (in the image plane) and θ (in the direction
perpendicular to the image plane). Each receiver had the same
width d in the image plane. 2-D sensitivity maps and spatial
resolution maps were constructed in the xz image plane when
the point ðx0; y0; z0Þ belonged to the square region (32 ×
32 mm2) determined by four points ðf − R� 16 mm; 0; 0�
16 mmÞ. A single PA point source was placed in turn at
every point ðxi0; zj0Þ of a uniform 129 × 129 rectangular grid,
and pressure signals were calculated at all the receivers of
the array. Pressure on the surface of every receiver was recorded
in 20 × 200 points. Then, using Eq. (7), 2-D image of
PSFðx; zjxi0; zj0Þ was reconstructed for points ðx; zÞ belonging
to the square region (3 × 3 mm2) determined by four points
ðxi0 � 1.5 mm; zj0 � 1.5 mmÞ with a resolution of 300 ×
300 pixels.

Having reconstructed PSFðx; zjxi0; zj0Þ, its maximum ampli-
tude, Iðxi0; zj0Þ, was determined according to Eq. (9). To find
axial and lateral resolutions, which were defined as FWHM
of PSF in two mutually perpendicular directions, PSF was
thresholded: in all points of the image, the values of PSF smaller
than 0.5Iðxi0; zj0Þ were replaced with zeros and the values of PSF
greater than 0.5Iðxi0; zj0Þ were replaced with ones. The resulting
binary image was approximated by an ellipse with the same
second moments as the calculated image using the MATLAB
regionprops function. The minor and major axes of the ellipse
were assumed to be equal to axial Aðxi0; zj0Þ and lateral Lðxi0; zj0Þ
resolutions, respectively.
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Fig. 2 The typical example of PSFðx; zjx0; z0Þ for fixed point ðx0; z0Þ in the image plane (y0 ¼ 0), axial
Aðx0; z0Þ, and lateral Lðx0; z0Þ spatial resolutions in this case (a) and typical 3-D sensitivity map Ið~r 0Þ
(b) for toroidal array as shown in Fig. 1 with R ¼ 60 mm, f ¼ 40 mm, N ¼ 16, d ¼ 1 mm, φ ¼ 45 deg,
and θ ¼ 23 deg.

Fig. 3 2-D normalized sensitivity maps Iðx0; z0Þ, axial resolution maps Aðx0; z0Þ, and lateral resolution
maps Lðx0; z0Þ for spherical arrays with R ¼ f ¼ 40 mm, N ¼ 32, θ ¼ 23 deg under different d and φ.
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3 Results and Discussion
Figure 3 shows normalized sensitivity maps and spatial resolu-
tion maps for spherical arrays with N ¼ 32 receiving elements,
R ¼ f ¼ 40 mm, θ ¼ 23 deg, and various receiver widths d

(0.5 and 1.0 mm) and angular apertures in the image plane φ
(45 deg and 90 deg). Here and below in the maps of axial
Aðx0; z0Þ and lateral Lðx0; z0Þ resolution regions with high res-
olution are shown in red (60 to 80 μm for axial resolution and

Fig. 4 2-D sensitivity maps Iðx0; z0Þ, axial resolution maps Aðx0; z0Þ, and lateral resolution maps
Lðx0; z0Þ for spherical arrays with R ¼ f ¼ 40 mm, θ ¼ 23 deg, φ ¼ 90 deg, d ¼ 0.5 mm, and various
number of receivers N .

Fig. 5 The dependencies of D and L̃ on receiver width d when φ ¼ 45 deg (a) and angular aperture φ
when d ¼ 1 mm (b) for spherical arrays with R ¼ f ¼ 40 mm, N ¼ 16. Squares are calculations, dashed
lines represent approximations.
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200 to 400 μm for lateral resolution); axial resolution less than
150 μm is shown in blue. All maps of the same type (in each
row) are shown in the same unified color scale.

We have found that sensitivity maps and spatial resolution
maps depend only weakly on the number of receivers for N ≥
16 (see Fig. 4). Earlier,12 it was found that focal resolution did
not depend on N for N > 8. The map calculation time is roughly
proportional to N. Notwithstanding visual similarities of the
sensitivity maps Iðx0; z0Þ, the size of the high-sensitivity region
essentially depends on N. Real experimental images are usually
thresholded at some level to reduce clutter. The level of back-
projection artifacts is proportional to 1∕N, and the signal-to-
noise ratio of experimental images is proportional to

ffiffiffiffi
N

p
.

Consequently, the threshold level can be decreased for high
enough N, and the size of high-sensitivity region increases
with N while its shape remains virtually unchanged.

The size of high-sensitivity regions, spatial resolution, and
depth of field are essentially dependent on the parameters of
the array. We have found that high axial resolution in the
high-sensitivity region is achieved for all the spherical array
configurations presented. To compare various array configura-
tions, we denote the FWHM of the sensitivity region by D (see
Fig. 1) and the FWHM of PSF (lateral resolution) at the point
with maximum sensitivity by L̃. For spherical arrays, D and L̃
depend on the receiver width d and angular aperture φ in the
image plane (see Fig. 5).

Arrays with cylindrical geometry provide the widest region
of high sensitivity and relatively poor lateral resolution while

spherical arrays have smaller sensitivity regions and signifi-
cantly higher lateral resolution. Figure 6 shows that toroidal
arrays (R ≠ f) with different curvature radii provide an oppor-
tunity to optimize the size of high-sensitivity region and the
value of lateral resolution.

As curvature radius in the image plane R increases, the size
of sensitivity region D increases. If R → ∞ (toroidal array
approaches cylindrical shape), when D strives for D∞, but
the lateral resolution L̃ deteriorates up to L̃∞. Spherical arrays
(R ¼ f) provide the smallest high-sensitivity region DðR ¼ fÞ
and the best lateral resolution L̃ðR ¼ fÞ. The calculated depend-
enciesDðRÞ and L̃ðRÞ are shown in Fig. 7. They can be approxi-
mated by the following formulas:

EQ-TARGET;temp:intralink-;e010;326;607

DðRÞ≈DaðRÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2ðR¼fÞþ4ðR−fÞ2sin2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

∞−D2ðR¼fÞ
q

∕2R
�s
;

L̃ðRÞ≈L̃aðRÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L̃2ðR¼fÞþ4ðR−fÞ2sin2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L̃2
∞−L̃2ðR¼fÞ

q
∕2R

�s
;

(10)

(solid lines in Fig. 7).

Fig. 6 2-D sensitivity maps Iðx0; z0Þ, axial resolution maps Aðx0; z0Þ, and lateral resolution maps
Lðx0; z0Þ for toroidal arrays with f ¼ 40 mm, N ¼ 16, θ ¼ 23 deg, φ ¼ 45 deg, d ¼ 1 mm, and various
curvature radius in the image plane R.
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4 Conclusions
A toroidal array quantitative assessment and comparison pro-
cedure is proposed, which is required for design of real-time
PA and LU imaging systems. Such imaging systems will
make it possible to study the structure of biological objects,
rocks, composite materials, and femtosecond laser filamentation
with high spatial resolution in real time. The proposed approach,
based on analysis of sensitivity maps and spatial resolution maps
constructed using the backprojection algorithm, allows compre-
hensive assessment of the parameters of arrays to choose the
most suitable configuration for a given problem.

Importantly, as toroidal detection geometries remain difficult
to manufacture, the calculation procedure of sensitivity maps
can be applied in their calibration process to improve imaging
quality. Individual receivers can have different inherent sensitiv-
ities and geometrical sizes after manufacturing. Due to these
imperfections, sensitivity maps constructed from experimental
data may differ from numerically calculated ones. However,
weight factors may be introduced in the backprojection algo-
rithm for individual receivers to partially compensate for
their imperfections. These weighting factors may be found
by minimizing the difference between numerical (ideal) maps

and experimental maps—a typical nonlinear optimization prob-
lem with well-developed solution algorithms.
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