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Abstract. The vibrational state of an array of microcantilevers piezoelec-
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complex reflectivity window has been developed to fully understand the
dynamic of the elements and the diffraction pattern produced by them.
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1 Introduction
For some time the use of microelectromechanical systems
and nanoelectromechanical systems (MEMS and NEMS)1

has opened the way for their application in several areas,
ranging from biomedicine and communications to high-
resolution measurement systems, including recent contribu-
tions that report the use of MEMS devices for mechanical
energy harvesting.2,3 These devices, if combined and func-
tionalized with electromagnetic resonant structures, serve for
sensing,4–8 and energy recollection from electromagnetic
waves.9 On the other hand, light can be used not only to
excite or modulate the state of mechanical vibration but
also to characterize the mechanical status and properties
of these devices. In these situations, the relative phase
between the vibrations of the cantilevers is of interest when
combining the signals produced by individual cantilevers.
On the other hand, when the components of the array are
coupled one to each other, cooperative modes are possible
and the method presented here can be applied to identify
such modes, since it is sensitive to on-phase or counter-
phase relative vibrations of some array components.

Laser diffractometry is an optical technique well-suited
for analyzing microstructures and has been successfully
applied for the measurement of particle size distributions
in several media.10 Diffractive imaging has been used
in phase retrieval problems at various wavelength ranges.
Most of the algorithms are based on the Gerchberg–
Saxton method that iteratively relates two irradiance maps
obtained at the plane of interest and also in the far field
region.11–13 In the MEMS arena, optical methods are rou-
tinely used as the displacement detection mechanism,14–16

with the atomic force microscope probably the simplest
and most well-known of these because it is based on the
deflection of a light beam reflected by the cantilever itself.17

The analysis of the stationary status of cantilevers using
diffraction has been used previously to understand the

individual position of each cantilever.18,19 In our case we
are interested in understanding the amplitude of the canti-
lever movement, and the mutual phase correlation between
them. For a nonstationary, moving cantilever array, the fre-
quency of the mechanical vibration cannot be followed by
conventional image-acquisition systems. Therefore, the mea-
sured diffraction pattern is a temporal average of the instan-
taneous irradiance distribution. This fact makes it difficult
to apply the previously reported methods and thus needs
an alternative approach.

When the vibration of a collection of microcantilevers has
to be characterized, other specifically developed methods are
able to efficiently detect the displacement of the collectivity
of mechanical elements with high spatial resolution. This is
accomplished by using an array of laser sources,20 or alter-
natively, by scanning a single laser beam across the full area
of the array.21 However, because of the sequential nature of
some of these methods they are unable to give a simultane-
ous picture of the dynamic state of all the array components
and, consequently, no phase information of the vibration
state can be detected. To overcome this drawback, in this
paper we analyze the diffraction of the cantilever array.
The diffraction pattern is registered and analyzed to identify
the amplitude and vibration state of the array. We have
compared the results from our simulation against those
experimentally obtained from actual devices. The diffraction
images have been analyzed to extract the desired parameters.
As far as the diffraction pattern is formed collectively, and
the registering method involves temporal average, the results
obtained here may serve to better understand the effect of the
coupling among cantilevers. This is one of the goals of this
contribution: to obtain information about the phase relation
related to the mutual coupling, using only the diffraction pat-
tern produced by the array. The treatment presented here
benefits from a simple model that uses a complex reflectivity
window to resemble the reflectivity of the moving array of
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cantilevers. The modulus of this complex reflectivity is
related to the actual reflectivity of the material of the canti-
lever, and the phase models show the actual change in shape
of the cantilever. This approach is quite flexible and is able
to include variations in frequency, vibrational modes, and
mutual correlation among cantilevers.

This paper is organized as follows. Section 2 describes
the analysis of the MEMS system. In Sec. 3 we present
the basic diffraction analysis of the array of cantilever. The
treatment considers cantilever as a phase window whose
diffraction pattern is properly calculated. Section 4 shows
the experimental set-up used in the measurements. The ex-
perimental results are compared with the model output, and
analyzed in more detail. Finally, Sec. 5 summarizes the main
experimental and theoretical results of this contribution.

2 MEMS Device
The MEMS structure used in this paper was an array of nine
silicon dioxide, SiO2, cantilevers. An optical image of this
device is shown in Fig. 1. The cantilevers with dimensions
length L ¼ 220 μm, width w ¼ 30 μm, and a thickness of
3.55 μm, are separated with a pitch s ¼ 120 μm.

As a previous step to the experimental measurements,
several simulations in a Finite Element Method package
(Comsol Multiphysics) were carried out in order to know
the frequencies of resonance of the MEMS device. With
these simulations we were able to find the values of the
resonant frequencies for each mode as it is shown in Table 1.

To excite the vibration of the mechanical structure we
glued the sample on a piezoelectric actuator driven by a
sinusoidal signal generator. The good solidification of the
used glue makes the joint between the sample and the
actuator mechanically reliable. The frequency of the gener-
ated signal was one of the resonance frequencies of the
MEMS device. Several values for the signal amplitude
were used.

3 Complex Reflectivity
In this section we show how the cantilever displacement pro-
duces a characteristic diffraction pattern that depends on the
dimensions of the array and also on the actual geometric pro-
file of its vibrational mode.22,23 After presenting the profile of
the cantilever under study, we define a complex reflectivity
to model phase variations produced by the cantilever vibra-
tion. Because of the simplicity of this method, it allows treat-
ing the whole array of cantilevers and even takes into account
the mutual phase coupling amongst them. Also, it can be
implemented easily in a simple and reliable algorithm.

The profile of the displacement of the cantilever is given
by the equation of a one-side clamped beam.1 This equation
can be written in a normalized form as

γðyÞ ¼ sin

�
kny
L

�
− sinh

�
kny
L

�

þ C

�
cos

�
kny
L

�
− cosh

�
kny
L

��
; (1)

where L is the length of the cantilever, y is the coordinate
along the cantilever length (see the orientation of the coor-
dinate system given in Fig. 1), and the constant C is given by

C ¼ cosðknÞ þ coshðknÞ
sinðknÞ − sinhðknÞ

;

with a mode constant kn that, for the geometry given
here, has the following values kn ¼ ½ 1.875 4.694
7.85510.996� for the first four vibrational modes
(n ¼ 1; : : : ; 4). This normalized profile is different for
each mode (see Fig. 2). The actual amplitude of the vibration
of the cantilever depends on the excitation voltage, V, and
the quality factor of the cantilever,Q. This provides a dimen-
sional factor that is K ¼ QVκ, where κ characterizes the
piezo-electric actuator driving the cantilever. In our case
κ ¼ 20 × 10−9 m ⋅ V−1, and Q ¼ 100. This Q value has
been obtained by averaging the Q factors from each compo-
nent of the array, where vibration frequency response has
been characterized individually for each one. Thus, the
displacement, z, is given as zðyÞ ¼ KγðyÞ. Therefore, the
voltage driving the piezo actuator fixes the maximum ampli-
tude of the vibration. In our experimental case, the maximum

Fig. 1 Optical image of the microelectromechanical systems (MEMS)
device. The orientation of the XYZ coordinate system is also given.

Table 1 Resonance frequency of a SiO2 cantilever.

Mode (#) Frequency (kHz)

1 59

2 370

3 1035

Fig. 2 Normalized profiles of the vibration of a cantilever. The four
plots correspond with the first four modes. These modes are charac-
terized by a different value of the parameter kn in Eq. (1).
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value of voltage, Vmax ¼ 10 V, produces a maximum ampli-
tude at the tip of the actuator of zmaxðy ¼ LÞ ¼ 20 μm. On
the other hand we consider that the cantilever moves only as
a function of y, not showing dependence with the orthogonal
coordinate x. This means that zðx; yÞ ¼ zðyÞ is constant
along the x axis on the cantilever width.

Once the profile of the vibration is obtained and analyti-
cally described, we now model the cantilever as a reflecting
moving surface that will produce a diffraction pattern in the
far field. We assume that this reflection can be modeled as a
complex reflectivity where the modulus is related with the
size and position of the cantilever arrangement and the
phase is given by the vibrational state of each cantilever.
This reflectivity can be expressed as

Rðx; y; tÞ ¼ Mðx; yÞ exp
�
i
2π

λ
2zðx; y; tÞ

�
; (2)

where λ is the wavelength of illumination of the array. There
is a factor 2 multiplying zðx; y; tÞ because the phase is pro-
duced in reflection mode and the displacement along z has to
be taken twice. This model is applicable because of the nar-
row range of displacement of the array with respect to its
length. The function zðx; y; tÞ represents a map of the dis-
placement of the cantilever arrangement. The domain of z
can be divided in subdomains corresponding to each one
of the cantilevers. Each cantilever, labeled with a subindex
i, is represented by a function given by Eq. (1), ziðxi; yiÞ,
where the coordinates ðxi; yiÞ are applicable to the subdo-
main where the cantilever is located.

By using Eq. (2) we can simulate any vibrational state and
can model different phase situations of the cantilevers. In
Eq. (2) we included the temporal evolution of the reflectivity.
This time dependence can be given as a harmonic function at
a frequency ω, related to the natural resonance of the canti-
lever, written as

ziðxi; yi; tÞ ¼ ziðxi; yiÞ cosðωitþ ϕiÞ; (3)

where ϕi represents a constant phase term. Both the fre-
quency and the constant phase term can be different for
each of the cantilevers in the arrangement. By using this
method it is possible to simulate the differences between
the frequencies of resonance of the cantilevers (variability
in ωi and Qi) and also their degree of mutual coupling (vari-
ability in ϕi).

Our goal is to obtain a computable solution for the far-
field irradiance, IFF, produced by the complex reflectivity
characterizing the cantilever. If we assume a monochromatic
plane wave illumination, the result is given as the Fourier
transform of the complex reflectivity of the cantilever,
IFFðξ; η; tÞ ¼ FT½Rðx; y; tÞ�, where ξ and η are the spatial
frequencies associated with x and y, respectively. On the
other hand, if the image is obtained with a charge-coupled
device (CCD) camera, the vibrational frequency (see Table 1)
is typically much larger than the frame rate of the camera.
This fact produces a temporal averaging of the image.
Therefore the retrieved image from the cantilever is
expressed as

IFFðξ; ηÞ ¼ hFT½Rðx; y; tÞ�i; (4)

where hi means the temporal averaging of the far-field
pattern.

4 Experimental Results
In this section we first present the experimental set-up used
to register the diffraction pattern of the vibrating array of can-
tilevers. Then, the experimental results are described and
compared with those obtained from the analytical model.

The diffraction pattern produced by the cantilever is
obtained by means of an optical set-up pictured in Fig. 3.
This figure represents the set-up used to remove undesired
diffraction patterns caused by the metallic areas surrounding
the cantilever. The illuminated beam, cantilever location and
screen are placed to show a large angle of incidence. The
light source is an He-Ne laser set at 632.8 nm, with the
size of the beam at the cantilever locations large enough
to fill the array with a uniform illumination. The actual
angle of incidence used in the experiments reported in this
paper is 20 deg. The cantilevers are mounted on a xyz posi-
tioning stage and the generated pattern is then projected onto
a screen placed at a distance ranging from 0.5 to 2.5 m within
the Fraunhofer diffraction regime, and showing a Fresnel
number lower than 0.025 for the experimental situations
treated in this paper. The orientation of the XYZ coordinate
system is shown in the bottom left corner of Fig. 3. The plane
YZ is the plane of incidence. The inset in Fig. 3 shows an
image obtained with this arrangement and a diffraction pat-
tern produced both by the cantilever array and also by the
reflective portion of the cantilever located at the clamped
side. This artifact can be eliminated by placing a blocking
element that avoids the illumination of the stationary part
of the device. Figure 4 presents the diffraction patterns
obtained before (a), and after (b) removing the undesirable
stationary diffraction pattern. Figure 4(b) shows a well-
resolved diffraction pattern. The distance between the
main diffraction maxima is about 1 cm when the screen is
placed at 2.5 m from the array. The secondary maxima
located between the observed maxima can be also resolved
by the registering system. Alternatively, the diffraction pat-
tern can be directly captured using a CCD camera placed at
shorter distance from the cantilevers than the projection
screen and looking towards the cantilevers. Both methods

Fig. 3 Image of the measurement set-up showing the location of the
cantilever and the screen. This set-up was used when removing the
spurious diffraction pattern caused by the structures around the canti-
levers. The inset of this image shows the diffraction pattern observed
on the screen. In the bottom-left part we show the orientation of the
XYZ coordinate system along with the illumination and observation
directions that lie on the YZ plane.
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of registering the diffraction pattern produce the same
structure.

After adjusting the angular parameters of the incidence to
optimize the capture of the diffraction pattern, the cantilevers
are piezo-electrically excited with an external voltage signal.
The images obtained with this arrangement are shown in
Fig. 5 for three values of the driving voltage (0.0, 0.5,
and 1.0 V). These images have been treated to remove
some artifacts appearing during acquisition. Actually, the
image at the left of this figure corresponds with the stationary
case (driving voltage at 0 V). This case should be taken as a
reference in order to evaluate the displacement of the canti-
levers. We may see that the horizontal extension of the
maxima increases as voltage increases. Also the distribution
of light along these horizontal maxima is moving towards the
outer parts of the pattern when voltage is larger. On the other
hand, even for 0.0 V driving voltage, there is a nonnegligible
contribution to the diffraction pattern coming from diffuse
reflection on the cantilever. This diffuse reflection contribu-
tion reduces the contrast of the diffraction pattern and masks
the location of the secondary maxima and minima.

To validate the model given in Sec. 3, we have taken
the experimental images shown in Fig. 5 and extracted two
perpendicular profiles along the horizontal (Y-axis) and ver-
tical (X-axis) directions intersecting at zero. In order to
reduce the noise in these profiles we averaged the image,
taking 20 columns for the vertical profile, and 10 columns
for the horizontal profile. For our experimental set-up the
angular subtend of each pixel is 0.00072 deg in each direc-
tion. The next step has been to evaluate the profile obtained
from the simulation of a variety of cases. The parameters for

these variations are the excitation voltage of the cantilever,
the vibration mode, and the correlation among the vibration
of each individual cantilever. The excitation voltage is linked
with the quality factor of the cantilever set. The correlation is
mostly described by taking into account the relation between
the individual phases of the vibration of the cantilevers. A
total correlation would mean that ϕ ¼ 0 ∀ i; we labeled
this case as CTN (ConsTaNt). A more realistic case should
take into account a partial correlation among the individual
phases. This correlation is caused by the mechanical con-
straint produced by the common metallic portion at the
clamped side of the cantilever. We have considered two
cases. For the case labeled as RNB (RaNdom Bounded)
the phase varies randomly but restricted, or bounded, to
the interval [0 deg, 100 deg]. The second case, named as
RND (RaNdoM), allows a random value for the phase of
each cantilever along the whole 360-deg range.

The first case (first row of Fig. 6) is for an excitation
of 0 V. However, we cannot be assured that the cantilevers
are in the same plane. We assume that the cantilevers are
at rest but flexured at different positions following the profile
given by vibration mode Number 1. We modeled this case as
that obtained for a small excitation (0.1 mV) having an RND
phase distribution. When comparing this case with the 0 V,
having all the cantilevers flat and at rest (dashed line in the
first row of Fig. 6), we may check that the RND case is fitting
better in the registered diffraction pattern.

When the voltage increases, the cantilevers begin to oscil-
late. The method explained previously produces simulated
profiles for a wide variety of cases. The main parameters
are the excitation voltage, the vibration mode under analysis,
and the initial phase correlation among cantilevers. In the
second and third row of Fig. 6 we plotted the results obtained
from the simulation for two cases that fit with the experimen-
tal result. These correspond with a bounded random variation
of the initial phases (RNB) and oscillating in the first and
second modes. We may see that although the fitting is
about the same for both modes along the vertical direction,
the experimental horizontal profile fits better with an oscil-
lation of the second mode.

At this point it is important to note that the far-field dif-
fraction pattern describes a collective contribution of the

Fig. 4 Diffraction patterns of the array of cantilevers registered before
removing the stationary part (a) and after blocking the illumination on
this portion of the array (b).

Fig. 5 Time-averaged diffraction patterns as a function of the supplied voltage to the piezoelectric.
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whole array of cantilevers. We cannot follow the individual
behavior of each cantilever with this method. However, we
can still infer the vibration mode and the phase correlation
between cantilevers.

5 Conclusions
In this paper, we presented an analytical model describing
the diffraction pattern of a collection of vibrating cantileves.
The model is based on the definition of a complex reflectivity
that corresponds with the two-dimensional (2-D) geometry
of the actual cantilevers. Besides, if necessary, the complex
reflectivity could introduce individual variations in shape,
size, or material for each cantilever, adding the effect of
the reflective surrounding structures. This makes this method
quite flexible and applicable to a wide variety of cases
involving stationary or vibrating cantilevers. This approach
takes into account vibrational modes, driving voltages, vary-
ing frequencies of vibration, and arbitrary phase relations

among the individual vibrations of an array of cantilevers.
The temporal period associated with the vibration of the can-
tilevers is much larger than the integration time of image-
registering equipment. Therefore, the diffraction patterns
are temporal averages, over a large number of vibration peri-
ods of the movement of the cantilevers.

The results of the model were checked using the diffrac-
tion patterns obtained from an experimental set-up. To obtain
the images, the cantilevers reflect light onto a registering
media located within the Fraunhofer diffraction region.
The experimental results show a good agreement with the
simulated images obtained from the model itself. Actually,
by comparing the experimental results with the analytical
ones we can identify the vibrational mode of the device
and the initial phase relations appearing along the array of
cantilevers.

The method proposed here can be generalized to deal with
a variety of cantilever geometries and only needs to register

Fig. 6 Vertical (a) and horizontal (b) profiles of the far-field diffraction pattern obtained from the experimental set-up compared with the simulated
results. The rows correspond to different driving voltages: 0 V (first row), 0.5 V (second row), and 1 V (third row). The gray dots are for the exper-
imental values, and the solid and dashed lines correspond with different mode oscillation (Nos. 1 and 2), and different phase correlations. RND
means an unbounded random phase correlations, CTN means total phase correlation, and RNB applies to a bounded random phase difference
between cantilevers.
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far-field diffraction images obtained by reflection from the
cantilever array.
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