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ABSTRACT

We derive a multipole scattering solution for a system resembling a simple cell. In the model, a spherical
cytoplasm is surrounded by a concentric cell membrane. Contained within the cytoplasm is a nonconcentric
spherical nucleus. Because of the nature of the (multipole expansion) solution, numerical results can be
acquired quite rapidly. We show that the resulting scatter is very sensitive to the system geometry and optical
properties. Such a solution may also be used to calculate the scatter from fluorescing molecules located within
the cell. © 1998 Society of Photo-Optical Instrumentation Engineers. [S1083-3668(98)01002-8]

Keywords scattering; cell; polarization.

1 INTRODUCTION

Light scattering is a sensitive tool which can be
used to determine the geometry and composition of
particle systems. Such a valuable tool has been used
in the laboratory to characterize biological systems
from bacteria to red blood cells."™ The polarization
state of the scattered light expressed by the light
scattering Mueller matrix has been shown to be es-
pecially sensitive to small changes in the system.”®

Modeling the scattering from complex cellular
systems is difficult due to their complex cellular
structure, and as a result very few programs have
been developed in this field. One approach has
been to take advantage of the cell’s relatively small
refractive index within the host medium and to use
the anomalous diffraction approximation.”!? An-
other approach has been to apply the finite-
difference time-domain technique to cells.'*** Al-
though both techniques have proven valuable, they
are both limited. The anomalous diffraction ap-
proximation does not accurately predict the back-
scatter from systems. It is in this backscatter region
that polarization techniques have been shown to be
especially sensitive to small changes in the system
geometry and chemistry. Although the finite-
difference time-domain technique can model virtu-
ally any system, it is extremely computer intensive.

In this paper we develop a model which can be
used to approximate the scatter from a cellular sys-
tem. This technique uses a multipole expansion of
the fields internal and external to the cell. The cel-
lular system is shown in Figure 1. It is composed of
a spherical cytoplasm surrounded by a spherical
cell membrane. Contained within the cytoplasm is a
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spherical nucleus. The nucleus can be placed at any
location within the cytoplasm. Although this model
is also severely limited, since the components of the
cell are restricted to being spherical, it does have
some advantages. First, calculations are very rapid,
and second, the calculations are exact. This model
can be used to examine the effects of certain system
parameters, such as the cell membrane composition
or thickness, the nucleus size and position, or the
inclusion of organelles within the cytoplasm or
changes in the cytoplasm chemistry. The derivation
is similar to that of previous works'*" in which we
examined the scatter from a randomly placed par-
ticle within a spherical host. In the present work, a
concentric outer layer is added to the host (cyto-
plasm) to represent a cell membrane. We will show
in the results section that the inclusion of this con-
centric cell membrane surrounding the cytoplasm
can affect the polarization state of the scattered
light, especially in the backscatter region.

Finally, we note that since this is a complete so-
lution, both the scattered and internal fields are
known for the system. Using reciprocity and the
solution for the internal fields, the scattered fields
from a fluorescing molecule located at any position
within the cell can be calculated.'®

2 SOLUTION

The geometry of the scattering system is shown in
Figure 1. A spherical cytoplasm of radius a; and
complex refractive index m; is centered on the x4,
Y1, z1 coordinate system. An outer, concentric cell
membrane having outer radius a; and complex re-
fractive index m; is also centered on the x{, vy, z;
coordinate system such that a;<a;. A spherical
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Fig. 1 Geometry of the cell.

nucleus of radius a, and complex refractive index
m, is centered on the x,, y,, z, coordinate system
at a position x,=0, y;=0, z;=d such that a,—a,
>|d|. In order for the scattering geometry to be
completely general, the wave vector of the incident
radiation is oriented at angle a with respect to the
z, axis. The wavelength and wave vector of the
plane wave in the nonabsorbing, nonmagnetic inci-
dent medium are \ and k, respectively. The com-
plex wave vector in media of refractive index m; is
k;. To simplify the equations, we make the perme-
ability of the spheres and the surrounding media
the same.

The scattering solution can be found by simulta-
neously satisfying the boundary conditions at each
interface. We consider the fields incident on each
cell component separately. These fields are ex-
panded in terms of the vector spherical harmonics
which have the following form in this derivation:
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where the index j corresponds to the coordinate
system used (j=1,2) and Z(P)(krj) are the spherical
Bessel functions of the first, second, third, or fourth
kind (p=1, 2, 3, 4), and

2n+1)(n—m)!

Py (cos 0= 2(n+m)!

P2(cos 6), (3)
where P}/(cos 6) are the associated Legendre poly-
nomials. We assume a time dependence of
exp(—iwt).

2.1 OUTER CELL-MEMBRANE INTERFACE

We first examine the fields which strike the outer-
most cell-membrane interface (r;=a3). We consider
an arbitrary field incident on the system which can
be expanded using the spherical Bessel functions of
the first kind, j,(k7):

1nc E E a, M(1)1+bnmeqlnl,1' (4)

n=0 m=-—n

Similarly, the scattered electric field may be ex-
panded using the spherical Bessel functions of the
third kind, &V (kr,):

scaE >

n=0 m=—n

an(3) 1+dnmN(3) . (5)

nm,l
The fields inside the cell membrane may be ex-
panded into incoming and outgoing spherical

waves using spherical Bessel functions of the fourth
kind 7P (kyr1) and third kind k(" (k;r;):

: 3 4
con E 2 l‘rlm nm1+]nmN£1rr)ll+kan£1rr)t,l
n=0 m=—n
4
+ anNizni,l . (6)

The application of boundary conditions at the outer
cell-membrane interface for the above three equa-
tions yields two sets of equations:

anmk?a I,Dn(kﬂg,) + Cnmk3§§11)(ka3)

=1,k &8 (k3a3) + K,k €P (ksaz),  (7)
anm l,/I];(ka3) + Cnmg;l(l)(kaii)

=i,mép " (kaaz) + k&) P (ksaz),  (8)

bnm‘»[/n(kaii) +dnm§(1)(ka )
_]nmg (k3€l3) + lnmg(Z)(kSQS)r (9)

bnmkS %(k%) + dnmk3§1/1(l)(ka3)
= umk &, (k3az)+1,,ké P (ksas), (10)
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where ,(r) and £7(r) (4=1,2) are the Riccati-
Bessel functions defined by

Po(r)=rj,(r) and EP(r)=rhP(r), (11)

and the primes denote derivatives with respect to
the argument.

2.2 CYTOPLASM-CELL-MEMBRANE
INTERFACE

We now examine the fields which strike the
cytoplasm-cell-membrane interface (r;=a;). The
fields in the region |d|<r;<a; may be expanded
into incoming and outgoing spherical waves using
spherical Bessel functions of the fourth kind,
h'®(kry), and third kind, k() (kr,):

Es n
1 _ 3 3 4
Esph_ E E eanﬁmz,l+fnmN1(1n)1,1+gan(nn1,1

n=0 m=—-n
+h,, N® (12)

nm,1*

The application of boundary conditions at the
cytoplasm-cell-membrane interface yields two sets
of equations:

Lk € (k3aq) + Kk €7 (k3aq)
= e ks (k1a1) + g ks €2 (kqay),
(13)
inmgiz(l)(kfial) + knmgilq(Z)(kfial)

=eumépVk1a) + g unéy @ (kiay), (14)

Fum& (k3ar) +1,, €2 (kaay)

zfnmggrl)(klal)+hnm§§12)(kla1)/ (15)

jnmkl glg(l)(k3a1) + lnmkl 5111(2)(1{3a1)
= fumka €,V (kyar) + 1,k € (kyay).
(16)

Since our primary concern is with the scattered
fields, we can write the scattered and internal field
coefficients directly in terms of the cytoplasm inter-
nal field coefficients.

auAP+c,,CP=e,EP+,,G,  17)

n 7’

where [=1 or 2. The coefficients can be found from
Egs. (7) to (10) and (13) to (16), and by applying the
Wronskian formula for Riccati-Bessel functions!”

WLED(2),e2(2)]=—2i, (19)
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the following expressions for these coefficients may
be derived:

AD=kksih(kaz) €, (kaaz) — kg (kas) €0 (ksas),
(20)

B =kky i (kaz) €,V (kaas) —kikaipy (kas) &) (kaas),
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X ED(ksas), (23)
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X &P (ksay), (24)

' =kki € (k1a0) 6,0 (ksay) = kks &, (kyay)
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G =kk3eP (kya1) €, (ksay) —kk £, (kqay)
X &D(ksay), (26)

H =kk €2 (kya1) €7 (kzaq) —kks &, (kqay)
X &D(ksa,). (27)

2.3 CYTOPLASM-NUCLEUS INTERFACE

We now examine the fields which strike the
cytoplasm-nucleus interface. We will examine these
fields in the x,, y,, z, coordinate system (j=2).
The fields inside the nucleus may be expressed by
the spherical Bessel functions of the first kind

jn(k272)1

n
Eiznt: 2 2 pnniM‘(r;ln)z,2+qnnzN‘(riln)1,2‘ (28)

n=0 m=—-n
The fields in the cytoplasm may be expressed into
incoming and outgoing spherical waves using

spherical Bessel functions of the fourth kind
h®(kir,) and third kind h{"(k;r,):

% n
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Eext_ 2 2 ranimz,Z—}_SnmNim)l,Z—}_tan( )

nm,2
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+1,,N& (29)

nm,2*

Applying boundary conditions at the inclusion
sphere interface yields two sets of equations:

Pk, (ka2) =7,k €D (kyan) + b,k €7 (k1as),
(30)



pnm l!’;;(k2a2) = rnmgé(l)(klaz) + tnmgig(z}(klaz)/
(31)

Gum¥n(ko2) =5, €1 (kyay) + 11, €7 (k1a),
(32)

Tunk1 13 (kaa2) = k2 €, (kran) + ko€, (kran).

(33)
We can eliminate the nucleus field coefficients (p,,,,
and q,,,) to find relationships for the cytoplasm
field coefficients. After a little bit of algebra, we
have:

rl’lWl

k1€, 2 (kqay) i, (koas) — ko €2 (kyay) ) (ko)

=t
"My 1 (kyay) i (koan) — ki €5 (kqas) i, (koas)
:Q;tnml (34)

Snm

., ky&) 2 (kyan) i, (kpan) — k1 €7 (kyay) ) (ko)
Mk B (kyay) g (koan) — ko &)1 (kyay) ¢, (kpas)

= Q5 - (35)

The coefficients (Q], and Q3) are similar to the Mie
scattering coefficients.'®

2.4 FIELDS IN THE CYTOPLASM

The fields interior to the cytoplasm are expressed
by Egs. (7)—(10), while the fields exterior to the
nucleus are expressed by Egs. (34) and (35). These
fields are identical. We can equate these fields and
express the coefficients e,,,, fum, §um, and h,,, in
terms of the coefficients 7,,,, Sym, fum, and u,,
using the translation addition theorem. For a trans-
lation along the z axis with no rotation, the vector
spherical harmonics are related by

_ (n,m) r( In7(q9)
M = 2 A”’"anmlnLB”mquml, (36)
Nifa= 2 BMS, + AN L, (37)

n'=0

where g denotes the order of the spherical Bessel
functions (q=3,4). This relationship is valid in the
region where r>|d|. Explicit expressions by which
these coefficients can be calculated are provided in
Appendix A. Substituting Egs. (36) and (37) into Eq.
(29) yields

)

E rn,mA(" M ts
n'=0

LBOm (38)
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E Sn’m (n’ m)+rn’mB(n M) (39)

o

= 2 tn’mqun"m)—Fun’meqn’/M)/ (40)
n'=0

and

E Uy ATt BOT (4)

Substituting Eqs. (38) and (41) into Egs. (17) and
(18) yields

(n' m[G(D‘FQ E(])]

n'

anmAilj)_l—Cnngq]): E tn’m
n'=0

+un’mB£,n,’m)[G£q])+QZ’E;])]

(42)
and
bnt +dan(])_ E tyrmB (n” m [H(] +Q,1/F<])]
n'=0
+ ity A+ Q5 FD)L
(43)

The exterior field coefficients of the nucleus, t,,,
and u,,,,, may be calculated by eliminating the scat-
tering coefficients, c,,,, and d,,,, in Egs. (42) and
(43):

anmanzéo turm T 10,0, U, (44)
bnmﬁféo tn,mT;’quun,mu;",mz), (45)
where

a,=AVCP-APCD, (46)
B.=B\"DY~BZD{", (47)

T(nml) A(" ’”){C(Z)[G(l)—i-Q;,E;l)]
~CUIGP+Q EXT, (48)

T(n Jm,2) _ B n' m{D(Z)[H(1)+Q F ]
-DWIHP+Q; F2'T, (49)

u(nml) B(” m){C G(1)+QH,E(1)]
CYUIGY+Q; EPT, (50)
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2
u(nm ) _ A(n m){D(Z)[H(1)+Q qul)]
-DVHP+Q5 F27). (51)

Since the incident field coefficients are known, Egs.
(44) and (45) represent two sets of simultaneous
equations which can be solved through matrix in-
version techniques for the two sets of field coeffi-
cients. Although the solution is general for any in-
cident field, we consider specifically the case of
plane wave illumination whose wave vector is ori-
ented at angle o with respect to the z; axis as
shown in Figure 1. Mie scattering derivations typi-
cally restrict the plane wave so that #=0. Since we
restrict the nucleus to being centered on the z; axis,
we must remove the restriction on the incident
plane wave for the derivation to be completely gen-
eral. When the plane wave is polarized perpendicu-
lar to the x—z plane (TE), the coefficients are found
to be®

_ Te
ﬂ”m—ﬂnm

n

:n(nl—Jrl) [N(n—m)(n+m+1) P"*(cos a)

—J(n=m+1)(n+m)P" (cos a)] (52)

2in+2 B
:m % Pn (COS a), (53)
bpm=bE
"2 (2n+1) \/(n—m+l)(n—m+2)
n(n+1) 2n+1)(2n+3)

X Py (cos a)

(n+m+1)(n+m+2)~er1
2n+1)(2n+3) Pia

(cos a)

(54)

2i"*2 mP"(cos a)
= - . (55)
n(n+1) sin «

When the plane wave is polarized in the x —z plane
(TM), the coefficients are found to be

Apm= 11;5%[— 1b};]1;:1 (56)
and
bym=bM=ialE (57)

2.5 SCATTERING AMPLITUDES AND
EFFICIENCIES

We consider the scattering amplitudes in the far
field, where kr;>ka. The scattered fields in this
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case are in the # and ¢ directions. In this limit, the
spherical Hankel functions reduce to spherical
waves:

B (kr)~ (;klr) ik, (58)

The scattering amplitudes can be expressed in the
form of the matrix

Esca eikrl Sl S Emc
( ;Pca) = ( ) ( 1nc) (59)

Ey ikri\S3 Sy/\Emm
The scattering amplitude matrix elements are
solved by expanding the scattered electric fields
[Eq. (4)] in terms of the vector wave functions and
then expanding the vector wave functions [Eq. (1)]
in terms of the polarization directions. In the far
field, the 7 component of the electric field becomes

negligible compared with the 6 and ¢ components.
After some algebra, we have the following:

00 n
= _\n,imeq| 4TE Hm
51 nZO m:z—n (—i)% o sin 6, Py (cos 61)
+c£§1 79, P™(cos el)} (60)
Sp==i2 X (=)

n=0 m=—n
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X TM m
c, " S g o, P . (cos 6;)

J
+d Py P (cos 6y)]|, (61)

S;=—iX 2 (—i)e"n

n=0 m=—-n
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nm o} 01 n 1

sin
+d w Py(cos 90} (62)
S —2 2 (—i)remer| d M " P"(cos 6;)
4 n=0 m=-n - gin 01 n 1
+c§5f 7, P (cos el)} (63)

Using the following relationship for normalized,
associated Legendre polynomials

ﬁ;m(cos 01)2(—1)ml5;”(cos 01) (64)

the following relationships between the scattering
coefficients may be derived



’_( 1)m nm/

— +1
Com ( 1)m nm’

(65)
d:Eﬁ:(—l)m+1dTE

nm/’

d = (=1)"d ",

nm
where m=—m.
The scattering, extinction, and absorption effi-
ciencies of the system are defined as the cross sec-
tions per projected area and may be expressed as

)

) n
— 2 TE |2
Qsca_(kal)z{zl 1’1(1’l+1) 2 nml +|dnm

Fleaml+ldunl®) |, (66)
—2 . TE TE
Qext ZRe 2 1’1(1’1+1) z (Cnm nm*
(kay) “n
+ b & Comam ™+ dumby™) |, (67)
Qabs= Qext™ Qsca~ (68)
where a¥, and b¥, are the complex conjugates of

A,y and b, , respectively. The asymmetry param-
eter g is a measure of radiation pressure on the sys-
tem and is a necessary parameter used in cell levi-
tation. This quantity can be expressed as

Q= 0 (k 0k ”Em m Re(chndZi*-i—cE%dZ%*)—i—n(n
Sca

(n—-m+1)(n+m+1)

+ TE ,TEx
DN @nryanrn) el Cmndin
+ P+ CameCot T+ Al ] (69)

Detailed derivations for the asymmetry Earameter
and the efficiencies are given elsewhere.

3 RESULTS

Although Eqs. (60)-(63) describe the electromag-
netic field scattered by the cell, the meat of the
problem is solving the simultaneous equations de-
scribed by Egs. (44) and (45). For practical pur-
poses, only a finite number N of vector spherical
harmonics are necessary to describe the scatter
from this system. In our calculatlons we use the
criterion developed by Wiscombe® and Bohren and
Huffman'®  that N=x+4x3+2 where «x
=2ma; /N. Higher order terms are insignificant
and their corresponding coefficients can safely be
set to zero. We are left with solving 2N simulta-
neous equations. Solving this resulting matrix is an

MULTIPOLE SOLUTION FOR A CELL

N? process, so for large-size parameters the compu-
tation time slows down dramatically. For example,
the CPU time required to calculate the scatter (1°
scattering resolution in a plane) for an x =25 cell is
approximately 28 s on a SUN 4 workstation and is
approximately 175 s for an x=>50 cell.

We demonstrate one application of the model by
calculating the light-scattering Mueller matrix ele-
ments having slightly different system parameters.
These matrix elements are shown for cells having
different cell-membrane refractive indices (chemis-
try) in Figure 2. The structure of the total intensity
(element S;) of the scattered light is essentially the
same for all three systems. The position of the
maxima and minima are virtually the same, but the
amplitudes of the maxima tend to increase (espe-
cially in the backscatter region) as the cell-
membrane refractive index is increased. The polar-
ization Mueller matrix elements (matrix elements
S12, S33, and S, are shown) show a marked differ-
ence. The position of the maxima and minima re-
main virtually unchanged in the forward-scatter re-
gion, but in the backscatter these minima and
maxima shift, and the amplitudes are significantly
different. These results are consistent with previous
experimental studies which found the backscatter
region of the polarization matrix elements to be ex-
tremely sensitive to small system changes.”® Fi-
nally, it should be noted that the cell parameters of
this figure are not realistic: the sizes are too small
and the refractive indices are too large. The particu-
lar parameters were chosen to illustrate the scatter-
ing effects seen. These same effects can also be seen
in the scatter from cells having more realistic pa-
rameters, but due to the higher frequency oscilla-
tions in the scattering signals (oscillation frequency
increases with particle size), it is much more diffi-
cult to see any trends in the data, so these were
chosen for illustrative purposes.

Figure 3 shows the light-scattering Mueller ma-
trix elements for cells having different nucleus po-
sitions. These results look similar to the previous
results. Although the total intensity varies more
than for the cell-membrane study, the polarization
matrix elements still display greater sensitivity, and
the backscattered light is most sensitive to changes
in the system geometry.

From Figures 2 and 3, it is apparent that the back-
scatter is the most sensitive region to small changes
in the particle geometry and chemistry. We now
examine just the backscatter from a larger, more
realistic cell. The system parameters are chosen to
correspond to a 10 um cell contained in an aqueous
external media (m=1.33) illuminated in the near-
infrared (A=850nm), and are similar to values
used in other models.*""" Figure 4 shows the back-
scatter Mueller matrix for three different cytoplasm
chemistries. Even though the cytoplasm refractive
index change is only 1% between runs, the back-
scatter signals change significantly. The maximum
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Fig. 2 Light scattering Mueller matrix elements as a function of scattering angle at three different cell membrane refractive indices. For this
system, A\=0.6328 um, a1=2.4 um, a;=1.0 um, a3=2.5 um, m;=1.05, my,=1.15, d=1.0 um.

oscillation frequency which is determined primarily
by the size of the cell remains constant between
runs, but the positions of the maxima and minima
are shifted in not only the polarization matrix ele-
ments, but in the total intensity matrix element Sq;
as well. The 50% differences in the percent polariza-
tion signals are not uncommon.
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4 CONCLUSION

We have derived solutions for the total field when
an incident plane wave strikes a cellular system.
Because of the nature of the solution, numerical re-
sults can be calculated quite rapidly compared to
other techniques. The derivation places no restric-
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Fig. 3 Light scattering Mueller matrix elements as a function of scattering angle at three different cell nucleus locations. For this system, A
=0.6328 um, a1=2.4 um, a,=1.0 um, a3=2.5 um, m;=1.05, my,=1.15, m3=1.20.
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Fig. 4 Light scattering Mueller matrix elements as a function of scattering angle for three different cytoplasm chemistries. For this system,

A=0.639 um, a;

tions on the refractive indices of the particle con-
stituents or the size of the system; however, com-
putation times increase with cell size. The model
may be used to examine the scattering sensitivity to
geometrical and chemical changes of the cell. For
more complicated cellular systems containing addi-
tional irregularities, it might be possible to calculate
scattering and absorption efficiencies by incorporat-
ing effective medium approximations into the
model. It may also be used to calculate the scatter
from a fluorescing molecule located at some posi-
tion within the cell. In our simulations of the light
scattering Mueller matrix, we find that the back-
scatter is extremely sensitive to small changes in the
system parameters. We demonstrate that even a
very small (~1%) change in system parameters can
have a drastic effect on the scattered light. Since it is
extremely difficult to characterize cells to such an
extent due to geometrical, orientational, and chemi-
cal changes in time, for many modeling simulations
it is necessary to calculate average scattering prop-
erties. Such calculations are computationally expen-
sive. This manuscript provides a technique which
can greatly facilitate such calculations.

APPENDIX A: TRANSLATION ADDITION
OF SPHERICAL HARMONICS

Stein” and Cruzan® derived translation addition
theorems for vector spherical wave functions. For a
translation along the z axis with no rotation, the
vector spherical harmonics are related by

=4.99 um, a,=2.0 um, a3=5.0 um, my,=1.05, m;=

1.1, and d=1.0 um.
(9 — (n,m,q) 3 £(q) (n,m,q)
anm,Z_ 20 A Mn ml B Nn "m, 17
n'=
(A1)
() (n,m,q) (n,m,q)\7(q)
nqu E B Mn’m1+A Nn 'm,1”’
n'=
(A2)

where g denotes the order of the spherical Bessel
functions (§=3, 4). This relationship is valid in the
region where r>|d|. The translation coefficients
AUD and B can be calculated from the sca-

lar translation coefficients, qun,’m’q) :

(n,m,q) _ ~(n,m,q)
An’ _Cn’

k.d (n'"=-m+1)(n"+m+1) (n,m,q)
n'+1 2n'+1)(2n'+3) n'+1
k.d n'—m)(n'+m

d JUZIWEM o) (a3
n 2n'+1)(2n'—1)

ikymd

(n,m,q) _ LS (n,m,q)
B, —n’(n’+1) C . (A4)

The Cff,’m’q) are scalar translation coefficients. These
can be found via recursion relations:>!

COM = 21" +1j,/(k,d), (A5)
LD = — D+ 1], (kad), (A6)
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100 _ 1 [2n+3 " [2n+1 0
n' (n+1) V2n'+1 2n'—1 "n'~1
2n'+1
/ (n=1,0,4)
+n 71 C,
2n+1
—(n'+1) —Zn,+3c§:'x3q>], (A7)

Vin—m+1)(n+m)2n"+1)CY"

=" =m+1)(n"+m)2n"+1)C"

ko \/(n’—m+2)(n' —-m+1) clvm=1g)

(2n'+3) n'+1

(n"+m)(n"+m—1) (nm—14)

_kld\/ 2 =1 C,’24 ,
(A8)

and

clymn =l mma), (A9)

From these equations, we see that

Afﬁ,m,ﬁ%):A;n',mA):A:ln’,—mﬁ):A'(qn’,m)/ (AlO)

BlnmA) — gl d)_ gl =m3_ glum = (Aq9)

n'

clymd=clm=clymmd=clim™ - (A12)
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