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ABSTRACT. With the aim of improving the star tracking performance of ground-based tele-
scopes, we deal with the design of model predictive control architecture so as to
properly lead their axes while mitigating possible external disturbances affecting the
control task. The proposed architecture is composed of two layers, namely, (i) a
trajectory generator that determines, based on the astronomic computation, the tele-
scope position and speed references to be tracked while ensuring that all the tele-
scope physical constraints, in terms of speed and acceleration, are never violated;
(ii) an model predictive control (MPC) controller that guarantees the optimal tracking
of the desired reference behavior by providing the torque inputs for telescope
axes for the achievement of star observation task. The control architecture is tailored
for the tracking control problem of Telescopio Nazionale Galileo (TNG), located at
La Palma (Spain). To this end, by leveraging real data measurements in specific
operative scenarios, a 12-order linear system describing the TNG dynamics is iden-
tified, via the non-iterative subspace method, for the design of the second layer.
Validation results confirm the goodness of the dynamical model in predicting the
TNG behavior within the operative range of (80 and 90 deg) altitude position.
The effectiveness of the proposed MPC-based control architecture is proven via
an ad-hoc virtual testing simulation platform implemented in MATLAB and Simulink
and tailored for the identified TNG model. Virtual testing results, involving the real
scientific target TYC 1731-916-1, confirm the capability of the proposed solution
in ensuring optimal star tracking while mitigating the wind external disturbances
forces. Finally, a comparison analysis w.r.t. the state-of-the-art control approaches,
i.e., Linear-Quadratic-Gaussian and Proportional-Integrator-Derivative controller,
and a robustness analysis w.r.t. the model mismatch between the MPC prediction
model and the simulated TNG dynamics are provided to disclose the improved
tracking performance achievable via the proposed MPC-based control architecture.
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1 Introduction
Over the last few years, the increasing demand for high-performance telescopes in the study of
the universe has led to the investigation of improved control architectures for advanced telescope
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axis control.1 Among the several control tasks, which the architectures aim at tackling, the
tracking control of the telescope, i.e., the axes control problem, is one of the most critical.2

Indeed, the problem has been deeply investigated and implemented with different hardware
in previous telescopes and antenna projects.3 The control problem aims to stabilize the position
of the telescope on the scientific target to guarantee high precision and tracking performance.

More specifically, for the class of ground-based telescopes, the problem of axes control can
be divided into several tasks, which include the pointing system control (i.e., the core of the
tracking controller), the servo drive, and the guidance system. When designing tracking control
for radio and optical ground-based telescopes, it is necessary to handle the presence of unavoid-
able external disturbances and noise measurements, which have to be attenuated and reduced,
respectively, as well as to compensate for the gravity effects.4 First attempts in this direction are
reported in Ref. 5, where the authors designed a state-feedback control plus a feed-forward dis-
turbance compensation gain action for solving the axes control problem of the 8.2-m very large
telescope (VLT) while facing the presence of torque wind disturbance. By considering again the
VLT, with the aim of improving the tracking performance, Ref. 6 proposed the same control
strategy for a novel servo system. Regarding the 10-m Gran Telescopio Canarias (GTC),
Ref. 7 suggested an output integral feedback position controller for solely driving motor dynam-
ics. Conversely, for the specific case of the 3.5-m Telescopio Nazionale Galileo (TNG), Refs. 8
and 9 proposed a double-layer control system, which consists of a speed filter control loop and a
proportional-integral (PI)-based position control loop, both tuned to mitigate the external wind
disturbance. Another exemplary tracking controller was designed in Ref. 10 for the 17-m major
atmospheric gamma-ray imaging Cherenkov telescopes, where the controller, inspired by Ref. 8,
embeds a trajectory generator to deal with the physical limitation of the telescope. For the spe-
cific case of the 34-m and 70-m antennas of the NASA Deep Space Network (DSN), a double
control loop, combining a Linear-Quadratic-Gaussian (LQG) regulator for the position control
and a Proportional-Integral-Derivative (PID) controller for the speed dynamics, was designed in
Ref. 11. However, the design does not consider the presence of external disturbance, which is
an unrealistic operating condition.

Furthermore, with respect to the novel Extremely Large Telescope (ELT) projects, that is, the
30-m Thirty Meter Telescope and the 40-m European Extremely Large Telescope, Refs. 12 and
13 suggested a tracking controller, where a double PI-based control loop, combined with a low-
pass filter, deals with the noise measurements, high-frequency input disturbance, and anti-gravity
compensation. More recently, the tracking control problem for the green bank radio telescope has
been addressed and solved in Ref. 14 via a control strategy, which exploits the pointing model
parametric function approach. Finally, without considering a real-world telescope application,
Ref. 15 investigated the benefits of the back-stepping adaptive control strategy in coping with
the uncertainties of the model parameters dynamics and the external wind disturbance.

Based on the aforementioned state-of-the-art tracking control for ground-based telescopes,
it is possible to note that most of the works mainly focused on the development of the control
system rather than exploring novel control architecture solutions. Indeed, even though some
works, such as Ref. 11, are based on optimal control strategies, these latter are only exploited
for controlling one of the telescope dynamics, i.e., the position ones. However, the design of
a novel control architecture, which also includes optimal control for the telescope speed, can
further improve the tracking performance.

By leveraging the advantages of the model predictive control (MPC) approach in guarantee-
ing an optimal and robust tracking performance, while simultaneously dealing with multiple
inputs/outputs, nonlinearities, and also satisfying the plant admissible physical constraints,16 this
work presents an MPC-based architecture for the solution of the star-tracking control problem for
optical ground-based telescopes. Specifically, different from the telescope tracking state-of-the-
art, which leverages two control loops for controlling the telescope position and speed, the pro-
posed novel control solution aims at controlling both telescope axes in terms of position and
speed trajectories in a unified framework while ensuring optimal performance criteria. Note that,
owing to the tailored dynamical prediction model, which also includes the wind turbulence von
Kármán power spectrum density (PSD) forecast, the proposed architecture is robust in the sense
of performance as it is able to ensure good tracking despite the presence of measurement noise
while counteracting the wind disturbance.
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To this aim, the architecture consists of (i) the trapezoidal speed profile trajectory generator,
which, based on the astronomical computation, determines the position and speed reference to be
tracked while ensuring that all the telescope physical constraints are always not violated; (ii) an
MPC strategy, which, based on the pre-processed trajectories and the estimation of the telescope
dynamics, provided by an infinite horizon Kalman filter, computes the optimal telescope torque
profiles for driving its axes toward the scientific target; this is done despite the presence of input
external disturbance such as the wind force. Note that the Kalman filter, designed based on the
effective telescope position and speed, properly mitigates the measurement noise.

Most notably, the proposed solution is tailored for the specific case of study of TNG. To this
end, by leveraging real data measurements in the operative scenarios (80 and 90 deg), a 12-order
linear system is identified via the non-iterative subspace method and validation results confirm
the goodness of the resulting dynamical model in predicting the TNG behavior in the appraised
functioning conditions. The resulting TNG dynamics represent the basis of the control architec-
ture design, whose effectiveness is evaluated via virtual testing simulations for different scientific
targets, including the TYC 1731-916-1 real star. The results obtained through an own-made
advanced simulation platform (realized in MATLAB and Simulink) confirm the capability of
the proposed solution in ensuring optimal star tracking while mitigating the wind external dis-
turbance forces. Moreover, to better highlight the advantages of the proposed MPC-based control
solution, a comparison analysis with respect to state-of-the-art control approaches, that is, LQG17

and PID controller,12 discloses the improved achievable tracking performance, whereas a robust-
ness analysis w.r.t. the model mismatch between the identified TNG model exploited as MPC-
based predictor and plant is reported to show the limits of the proposed control architecture.

Finally, the paper is organized as follows. Section 2 presents the problem statement, whereas
the proposed MPC-based tracking control architecture is designed in Sec. 3. Virtual testing,
tailored for TNG (hence including its identification and validation procedure) in Sec. 4, discloses
the goodness of tracking performance, and comparison results also highlight its advantages.
Conclusions are drawn in Sec. 5.

1.1 Nomenclature and Notations
Throughout this paper,R andN stand for the set of real and natural numbers, respectively. We use
Rm×n to denote the set of m × n real matrices, whereas Sn is the set of symmetric matrices of
order n. Given a symmetric matrix M ∈ Sn, M ≥ 0 (M > 0) means that the matrix is positive
semidefinite (positive definite). The transpose operation of a generic matrix A ∈ Rn×n is indi-
cated via A⊺. In and 0n×m are the identity matrix of order n and the null matrix of dimensions
n ×m, respectively.

Given a vector x ∈ Rn, kxk2 ¼ ðx⊺xÞ1∕2 defines the Euclidean norm of the vector x, whereas
kxkQ ¼ ðx⊺QxÞ1∕2 denotes the Euclidean norm of the vector xweighted by the matrixQ ∈ Rn×n.

Furthermore, given a bounded trajectory xðtÞ ∈ R, xmin and xmax define its minimum and
maximum values, respectively.

Finally, saturation ðxmin; xmaxÞ refers to the following equation:

EQ-TARGET;temp:intralink-;e001;117;253xðtÞ ¼ saturationðxmin; xmaxÞ ¼
8<
:

xmax ⇔ xðtÞ ≥ xmax

xðtÞ ⇔ xmin ≤ xðtÞ ≤ xmax

xmin ⇔ xðtÞ ≤ xmin

: (1)

2 Tracking Control for Ground-Based Telescope: Problem
Statement

Consider a ground-based telescope equipped with on-board sensors, such as the tachometers and
encoders for the measurement of its altitude and azimuth velocities and positions, and a scientific
target star to be tracked, with features that are expressed, via the astronomical computation, with
respect to the azimuth coordination system, that is, the altitude angle ϑ⋆ðtÞ½deg� and the azimuth
angle φ⋆ðtÞ½deg�.

The aim of this work is to design a novel MPC-based control architecture that is able to drive
the telescope axes for the optimal achievement of star tracking. The control architecture is
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designed to fulfill the following requirements: (i) computation of the appropriate telescope axes
position and speed trajectories such that all the telescope physical constraints, in terms of speed
and acceleration, are always not violated; (ii) computation of the optimal telescope control
torque, which ensures the high tracking performance for both the altitude and azimuth axes,
while guaranteeing robust performance despite the presence of measurement noise and external
disturbance affecting the telescope dynamics.

2.1 Ground-Based Telescope Dynamics
The behavior of a ground-based telescope is mainly described by its measurable velocities

yðtÞ ¼ ½ _ϑðtÞ; _φðtÞ�⊺ ∈ R2 in the azimuth coordination system, being ϑ̇ðtÞ½deg ∕s� the altitude
angular speed and φ̇ðtÞ½deg ∕s� the azimuth angular speed. Within this framework, according
to Ref. 18, the ground-telescope dynamical behavior can be described by the following linear
model:
EQ-TARGET;temp:intralink-;e002;114;579

ẋðtÞ ¼ AxðtÞþBðuðtÞ − δðtÞÞ
yðtÞ ¼ CxðtÞþω

with

A ¼
�

Ae 06×6

06×6 Aa

�
B ¼

�
Be 06×1

06×1 Ba

�
C ¼

�
Ce 01×6

01×6 Ca

�
; (2)

where xðtÞ ¼ ½xeðtÞxaðtÞ�⊺ ∈ R12 is the flexible dynamics of the telescope, being xeðtÞ the state
vector related to altitude dynamics, whereas xaðtÞ is the one related to azimuth dynamics;
uðtÞ ¼ ½τeðtÞ; τaðtÞ�⊺½Nm� ∈ R2 is the control input vector representing the torque commands
along the altitude axis, i.e., τe½Nm�, and the azimuth axis, i.e., τa½Nm�; δðtÞ½Nm� ∈ R2 is the
input wind external disturbance; ω ∈ R2×1 is the measurements of white noise affecting the
output vector; A ∈ R12×12 is the overall dynamical matrix of the telescope being Ae ∈ R6×6 and
Aa ∈ R6×6 the dynamical matrices related to altitude and azimuth axes dynamics, respectively;
B ∈ R12×2 is the input telescope matrix where Be ∈ R6×1 and Ba ∈ R6×1 map the relation
between the torque commands along the altitude and azimuth axes with the related states xðtÞ,
respectively;C ∈ R2×12 is the output telescope matrix with blocks Ce ∈ R1×6 and Ca ∈ R1×6 that
represent the altitude and the azimuth outputs matrices, respectively.
Remark 1: The value of the matrices A, B, and C strongly depends on the specific appraised
telescope, and they can be tailored by exploiting the identification procedure suggested in Ref.
18. The specific value for the TNG case of the study can be found in Sec. 4.1.

The matrices describing the telescope dynamics are such that the following assump-
tions hold.
Assumption 1: The pair ðA; BÞ is stabilizable.
Assumption 2: The pair ðA;CÞ is observable.
Assumption 3: C is a full-row rank matrix.

According to Ref. 19, the wind external disturbance δðtÞ is modeled via the von Kármán
wind PSD as

EQ-TARGET;temp:intralink-;e003;114;202δðtÞ ¼
XD
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αSτðfjÞΔf

q
cosð2πfjtþϕjÞ; (3)

with D ∈ N the number of the contributed frequency samples; α is a scale intensity factor;
Δf½1∕s� is the frequency resolution; fj is the j’th element of the numerical sequences fðjÞ ¼
fjΔfg being j ∈ ð1; DÞ; ϕj ¼ N ðμ; σÞ½deg� (∀ j ¼ 1; · · · ; D) is the initial phase computed
through a random uniform distribution with mean μ and standard deviation σ. The torque von
Kármán PSD SτðfjÞ is described by

EQ-TARGET;temp:intralink-;e004;114;95SτðfjÞ ¼ 4

�
τ

v

�
2

SvðfjÞχðfjÞ2; (4)
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where τ½Nm� is the wind mean torque disturbance, v½m∕s2� is the mean wind speed, SvðfjÞ is the
von Kármán speed wind PSD, and χðfjÞ is the aerodynamic correction factor.

In detail, SvðfjÞ is computed as

EQ-TARGET;temp:intralink-;e005;117;697SvðfjÞ ¼ 4ðIvÞ2 Γ
v

1�
1þ 70.78

�
fj

Γ
v

�
2
�
5∕6 ; (5)

where I is the wind disturbance intensity and Γ is the outer scale of the wind disturbance.
Besides, χðfjÞ can be derived as

EQ-TARGET;temp:intralink-;e006;117;629χðfjÞ ¼
1

1þ
�
2fj

ffiffiffi
Λ

p
v

�
4∕3 ; (6)

where Λ½m2� is the telescope area exposed to the wind disturbance.

2.2 Problem Statement
Now, it is possible to formulate the tracking control problem as follows:
Problem: C Consider the ground-based telescope dynamics as in Eq. (2). Let the scientific
target star be expressed, within the azimuth coordination system, in terms of the vector
y⋆ðtÞ ¼ ½ϑ⋆ðtÞ;φ⋆ðtÞ�⊺. Design an MPC-based tracking control architecture such that the tele-
scope torques uðtÞ ¼ ½τe; τa�⊺ can properly drive the altitude and azimuth axes toward the star
scientific target by avoiding violating the admissible physical constraints and fulfilling the
following control objective:

EQ-TARGET;temp:intralink-;e007a;117;465 lim
t→∞

				y⋆ðtÞ −
Z

t

0

yðρÞdρ
				
2

¼ 0; (7a)

EQ-TARGET;temp:intralink-;e007b;117;416 lim
t→∞

		ẏ⋆ðtÞ − yðtÞ		
2
¼ 0; (7b)

despite the presence of the input wind disturbance δðtÞ and noise measurements ω.

3 MPC-Based Tracking Control Architecture Design
To solve problem C, we design the double-layer control architecture in Fig. 1. The proposed
solution consists of

• The trajectory generator, which, given the scientific star target to be tracked, i.e.,
y⋆ðtÞ ¼ ½ϑ⋆ðtÞ;φ⋆ðtÞ�⊺, computes the safe and physical admissible reference position and
velocity trajectories for telescope altitude and azimuth axes, i.e., ypðtÞ ¼ ½ϑðtÞ;φðtÞ�⊺ and
ȳsðtÞ ¼ ½ _̄ϑðtÞ; _̄φðtÞ�⊺, respectively.

Fig. 1 Overview of the MPC-based tracking architecture.
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• The MPC-based tracking controller, which, combining an infinite horizon Kalman ob-
server and the model predictive control algorithm, ensures the computation of the optimal
torque profile uðtÞ that guarantees the optimal and robust tracking of the ypðtÞ and ysðtÞ,
despite the presence of input external disturbance δðtÞ and output measurement noise ω

In doing so, the control objectives in Eqs. (7a) and (7b) are achieved. In Sec. 3.1, we detail the
design of the two layers composing the optimal tracking control architecture in Fig. 1.

3.1 Trajectory-Generator
According to Refs. 20–22, the trajectory generator is designed by leveraging the trapezoidal
speed profile approach. Specifically, given the star position y⋆ðtÞ, it generates: (i) the telescope
trapezoidal speed profile ysðtÞ ¼ ½ϑ̇ðtÞ; φ̇ðtÞ�⊺ and (ii) the physical admissible position trajecto-
ries ypðtÞ ¼ ½ϑðtÞ;φðtÞ�⊺.

Accordingly, telescope velocities keep a constant maximum value vmax or increase and
decrease at the fixed maximum allowable acceleration �amax. Thus, according to Ref. 22, the
desired trajectories ypðtÞ and ysðtÞ are computed as

EQ-TARGET;temp:intralink-;e008;114;543ẏpðtÞ ¼ ysðtÞ ysðtÞ ¼ saturationðvaðtÞ;minðvdðtÞ; vmaxÞÞ; (8)

where vaðtÞ is the speed during the acceleration phase, whereas vdðtÞ is the one during the decel-
eration phase. The acceleration ramp can be expressed as

EQ-TARGET;temp:intralink-;e009;114;494vaðtÞ ¼ vðt − ΔtÞ þ amaxΔt; (9)

where Δt is the sampling time, whereas vðt − ΔtÞ is the measured telescope speed at time instant
t − Δt. The deceleration ramp can be computed as20

EQ-TARGET;temp:intralink-;e010;114;446vdðtÞ ¼ ẏ⋆ðtÞþ signðεðtÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2amaxjεðtÞj

p
; (10)

where _y⋆ðtÞ is the reference velocity of the target star, computed via the astronomical compu-
tation; εðtÞ ¼ y⋆ðtÞ − ȳðtÞ represents the error between the planned trajectories and the star
positions. Note that Eq. (10) is valid for an arbitrary instant and represents the initial velocity
of an ideal decelerating motion, which would drive ε to 0 with a final velocity equal to v⋆ðtÞ.
Therefore, vdðtÞ is the velocity limit, which determines the moment for the starting of the decel-
eration phase.

In doing so, the velocity trajectories can initially increase at the fixed maximum acceleration
value amax until reaching, or the maximum admissible speed vmax—if this latter is still less than
vdðtÞ—or start decelerating according to Eq. (10).

The outputs ypðtÞ ¼ ½ϑðtÞ;φðtÞ�⊺ and ysðtÞ ¼ ½ϑ̇ðtÞ; φ̇ðtÞ�⊺ of the trajectory generator, i.e.,

the planned altitude ϑðtÞ, azimuth φðtÞ positions, and its computed trapezoidal speed profiles,

i.e., ϑ̇ðtÞ and φ̇ðtÞ, represent the desired behavior to be tracked by the MPC-based tracking
controller.

3.2 MPC-Based Tracking Controller
Given the reference behavior to be tracked, the tracking controller layer (see the red box in Fig. 1)
aims at ensuring an optimal, robust, and high-performance tracking of ypðtÞ and ysðtÞ by com-
puting the telescope control uðtÞ according to the MPC method, hence achieving the control
goals in Eqs. (7a) and (7b).

To this end, an infinite horizon Kalman filter observer is also exploited for the estimation of
the whole telescope dynamics x̂ðtÞ to let the MPC algorithm properly compute the optimal torque
action uðtÞ in Eq. (2) to be imposed on the ground-based telescope.

3.2.1 Infinite horizon Kalman filter

As the ground-based telescope model in Eq. (2) is not affected by any process noise, and hence,
its dynamics are such that the measurement noise is uncorrelated to process one, an infinite
horizon Kalman state observer is designed to provide the estimation of the telescope state
variables, i.e., x̂ðtÞ ∈ R12.
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Specifically, the Kalman filter is described by the following dynamical system:
EQ-TARGET;temp:intralink-;e011;117;724

˙̂xðtÞ ¼ Ax̂ðtÞþBuðtÞþL∞ðyðtÞ − ŷðtÞÞ
ŷðtÞ ¼ Cx̂ðtÞ; (11)

where L∞ ∈ R12×2 is the gain observer matrix to be computed according to the optimality criteria
for the expected value of the estimation error.23

In doing so, consider the estimation error êðtÞ ¼ xðtÞ − x̂ðtÞ ∈ R12, its expected covariance
matrix P̃ðtÞ ¼ E½êðtÞêðtÞ⊺� ∈ R12×12, and the covariance matrix V as

EQ-TARGET;temp:intralink-;sec3.2.1;117;631V ¼
�

Q̃ 014×2
02×14 R̃

�
;

where ~Q ≥ 0 ∈ S12 is the diagonal matrices weighting the estimation error states and R̃ > 0 ∈ S2

the one weighting the output measurements.
Under Assumptions 2–3, according to the well-known procedure,23 the matrix gains

observer L∞ is computed as follows:

EQ-TARGET;temp:intralink-;e012;117;544L∞ ¼ ~P∞C⊺R−1; (12)

where ~P∞ is the unique solution of the stationary Riccati equation:

EQ-TARGET;temp:intralink-;e013;117;5060 ¼ AP̃∞ þ P̃∞A⊺ þ Q̃ − P̃∞C⊺R̃CP̃∞: (13)

Note that, as the altitude and azimuth dynamics are decoupled, the Kalman optimal gain is
decomposed as

EQ-TARGET;temp:intralink-;sec3.2.1;117;456L∞ ¼
�
Le 0

0 La

�
;

where the matrices Le and La are related to the altitude and azimuth dynamics, respectively.

3.2.2 MPC control design

Considering the desired set point yðtÞ ¼ ½ϑðtÞ;φðtÞ; ϑ̇ðtÞ; φ̇ðtÞ�⊺ as imposed by the trajectory
generator and the telescope state estimation x̂ðtÞ, the MPC iteratively computes, over a time
horizon ðt; tþ Tp� (where Tp is the prediction horizon), the optimal input torque uðtÞ driving
the telescope axes at time t. More specifically, to track the reference set-point yðtÞ, the torque
input is computed based on optimality criteria (e.g., a quadratic cost function) and by leveraging
the prediction model in Eq. (2) over ðt; tþ Tp�. In doing so, the optimal MPC control problem is
first formulated and solved over the time horizon ðt; tþ Tp�, namely, the so-called MPC open
control loop. Then, we present the iterative mechanism, which enables the control input to adapt
to the actual prediction, that is, the MPC closed loop.24

MPC open control loop design. With the aim of predicting the position and velocity dynam-
ics of the telescope, we consider the following dynamical system:
EQ-TARGET;temp:intralink-;e014;117;233

ẋmðtÞ ¼ AmxmðtÞþBmðuðtÞ − δðtÞÞ
ymðtÞ ¼ CmxmðtÞ; (14)

where xmðtÞ ¼ ½yðtÞ; xðtÞ�⊺ ∈ R14 and

EQ-TARGET;temp:intralink-;e015;117;178Am ¼
�
014×2 C

A

�
Bm ¼

�
02×2
B

�
Cm ¼

�
I2 02×12
02×2 C

�
: (15)

Denote with Tp ∈ R the prediction horizon used for solving the optimal local control
problem in the time interval ðt; tþ Tp�. Instead, the control horizon Tc ∈ R (being Tc ≤ Tp)
determines the computed control command to be imposed on the telescope axes over the time
interval ðt; tþ Tc�. The notation xmð· jtÞ stands for the trajectory of xm over the prediction
horizon ðt; tþ Tp� at the time instant t, whereas xmðρjtÞ with ρ ∈ ð0; Tp� indicates the computed
value of xm at time tþ ρ. Moreover, we define three different telescope trajectories, namely,
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ð·Þp for the one predicted via Eq. (14), ð·Þ♡ for the optimal desired trajectory, and ð·Þa for the
assumed trajectory. More specifically, as the desired trajectory is known over the prediction
horizon ðt; tþ Tp�, we assume this latter to be computed via the trajectory generator as in Eq. (8),
that is, y♡ð· jtÞ ¼ yð· jtÞ.

Hence, the local open-loop optimal control problem for the ground-based telescope can be
formalized as follows:
Problem: F At time t, find

EQ-TARGET;temp:intralink-;e016a;114;652 min
upð·jtÞ

Z
tþ Tp

t
lðypmðρjtÞ; upðρjtÞ; yamðρjtÞ; yaðρjtÞÞdρ; (16a)

s.t.,

EQ-TARGET;temp:intralink-;e016b;114;604xpmðρjtÞ ¼ Amx
p
mðρjtÞþBmðupðρjtÞ − δpðρÞÞ; (16b)

EQ-TARGET;temp:intralink-;e016c;114;568ypmðρjtÞ ¼ Cmx
p
mðρjtÞ; (16c)

EQ-TARGET;temp:intralink-;e016d;114;550δpðρÞ ¼
XD
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αSτðfjÞΔf

q
cosð2πfjρþϕjÞ; (16d)

EQ-TARGET;temp:intralink-;e016e;114;512xpmð0jtÞ ¼ x̂mðtÞ; (16e)

EQ-TARGET;temp:intralink-;e016f;114;494upðρjtÞ ∈ ½ umin umax �; (16f)

EQ-TARGET;temp:intralink-;e016g;114;476ypmðTpjtÞ ¼ yaðTpjtÞ − yaðTpjtÞ; (16g)

EQ-TARGET;temp:intralink-;e016h;114;457uðTpjtÞ ¼ h̃ðTpjtÞ; (16h)

where upð· jtÞ denotes the unknown control trajectory to be optimized; umin and umax represent
the maximum admissible values for the control input, respectively. Note that additional con-
straints related to the azimuth and altitude position and speed are not considered in the MPC
formulation because the designed trajectory generator always computes admissible reference
trajectories for the telescope dynamics. ~hð·Þ is the desired final value for the control input for
the counteraction of the resistance forces, that is, the wind disturbance, at time instant Tp. Note
that, it is computed from the prediction model Eq. (2) by imposing the tracking equilibrium
condition, i.e., ~hðTpjtÞ ¼ KrȳaðTpjtÞ þ KfyamðTpjtÞ þ δðTpÞ being Kr ∈ R4 and Kf ∈ R4 the
feed-forward and the feedback gains, respectively, which should be properly selected.

The cost function lð·Þ in Eq. (16a) at time instant ρ and evaluated from the instant t is
defined as

EQ-TARGET;temp:intralink-;e017;114;305lð·Þ ¼ kypmðρjtÞ − yðρjtÞkQ þkup − h̃ðxpmðTpjtÞÞkR þkypmðTpjtÞ − yaðTpjtÞkF; (17)

where Q ≥ 0 ∈ S4 penalizes the output error from the desired equilibrium, R > 0 ∈ S2 penalizes
the input error, and F ≥ 0 ∈ S2 represents the strength at the instant Tp to maintain the telescope
output as close as possible to the assumed desired trajectories.

Tracking model predictive control closed-loop algorithm. The tracking MPC algorithm,
allowing the derivation of the optimal torque trajectory uð· jtÞ over the control horizon
ðt; tþ Tc�, for the ground-based optical telescope is developed according to the following iter-
ative procedure:

1. Initialization: At t ¼ 0, based on the target star trajectory y⋆ð· jtÞ, and the pre-processed
trajectories yð· jtÞ, we initialize the assumed variables as

EQ-TARGET;temp:intralink-;e018;114;162



uað· jtÞ ¼ h̃ð0jtÞ
yað· jtÞ ¼ Cmx

p
mð0jtÞ;

(18)

where xpm is the trajectory predicted via Eq. (14).
2. First step: At any t > 0, based on the estimated current Kalman filter state x̂ðtÞ, the

assumed state xamðρjtÞ and the assumed star trajectory ȳaðρjtÞ solve the optimal control
problem F , hence obtaining the optimal control effort u♡ð· jtÞ. Based on this latter, the
optimal state trajectory x♡mð· jtÞ is computed via the telescope model in Eq. (14).
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3. Second step: Compute the assumed control input for the next open loop control problem,
namely, the ones over the horizon ½tþ Δt; tþ Δtþ Tp�, being Δt ∈ R an arbitrary sample
time, by disposing the optimal terms within Tp − Δt and adding an additional one for the
instant Tp, that is, ****

EQ-TARGET;temp:intralink-;e019;117;687uaðρjtþΔtÞ ¼


u♡ðρjtÞ ρ ∈ ð0; Tp − Δt�
h̃ðTpjtÞ : (19)

Then, we compute the corresponding assumed state and output for ρ ∈ ð0; Tp − Δt�, as
EQ-TARGET;temp:intralink-;e020;117;623

ẋamðρjtþΔtÞ ¼ AmxamðρjtþΔtÞþBmðuaðρjtþΔtÞ − δaðkÞÞ;
yamðρjtþΔtÞ ¼ CmxamðρjtþΔtÞ;
xamð0jtþΔtÞ ¼ x♡mð1jtÞ: (20)

4. Third step: receive yaðρjtþΔtÞ from the trajectory generator.
5. Fourth step: impose the optimal control input within the time interval ðt; tþ Tc�, i.e.,

(((uðtÞ ¼ u♡ðρjtÞ with ρ ∈ ð0; Tc�.
6. Fifth step: increment t until tþ Tc and go to step 1.

Remark 2: [MPC Closed-loop Stability] The stability of the telescope closed-loop system under
the action of the MPC control in Eq. (16a) can be derived by following well-known results in the
control theory literature (e.g., see Refs. 16 and 24–26). Namely, the MPC stability is mathemati-
cally ensured if the plant satisfies the following assumptions: (A1) the nonlinear vector field in
the plant model is twice continuously differentiable; (A2) the control input region is compact and
convex and contains the origin; (A3) the Jacobian linearization of the nonlinear system is sta-
bilizable; (A4) the optimal control problem is feasible at time t ¼ 0. Note that, as the telescope
dynamical model Eq. (2) is linear and satisfies Assumptions 1, A1 and A3 surely hold. Moreover,
the assumed control input in Eq. (19), thanks to the terminal input constraint Eq. (16h), which
compensates for the wind turbulence effect δðtÞ, satisfies A2 by construction because its admis-
sible region is defined as U∶fuð· jtÞ ∈ R∶umin ≤ uð· jtÞ ≤ umaxg. Finally, A4 holds for the selec-
tion of the telescope’s initial value for the torque within the telescope’s physical limits.

Remark 3: As the proposed MPC approach belongs to the class of terminal constraint MPC,24

constraint Eq. (16h) plays a crucial role in the stability of the MPC control algorithm in a two-
fold way16,24: (i) it aims at compensating the wind disturbance δðtÞ under the assumption that the
von Kármán PSD model fits the real wind data, hence ensuring the robustness of telescope w.r.t.
the wind disturbance; (ii) the proper choice of Kr and Kf (tuned for instance via pole-placement
and LQR techniques17,27) guarantees the telescope tracking error eðtÞ ¼ yðtÞ − ymðtÞ goes
toward zero as t → ∞ as also explicitly imposed by the constraint Eq. (16g). Finally, note that
this latter is also necessary to formally guarantee that the functional cost is convex and opti-
mizable at each iteration step.16

4 Case of Telescopio Nazionale Galileo
In this section, we tailor the design of the proposed control architecture in Sec. 3 to the
Telescopio Nazionale Galileo, located at “Roque de los Muchacho,” La Palma (Spain). To this
aim, an identification procedure is first carried out to obtain the TNG dynamics as in Eq. (2),
which are exploited for simulation purposes in the MATLAB platform. This latter is used for the
validation of the proposed control architecture, and the implementation details of the MPC-based
control architecture are also provided.

Finally, an extensive simulation analysis, involving the real scientific target TYC 1731-916-
1 and including a comparison w.r.t. other state-of-the-art control architectures plus a robustness
analysis w.r.t. model mismatch, discloses the benefits and the advantages of the proposed
solution.
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4.1 TNG Dynamics Identification
By levering the real data in Ref. 28, we derive the control-oriented model for TNG able to repro-
duce its input/output (I/O) behavior as in Eq. (2) such that it can be exploited for the designing of
the proposed MPC-based tracking control solution.

It is worth noting that, due to the morphology of the area of “Roque de lo Muchachos” and
the TNG observatory structure, the PSD von Kármán model can represent the wind disturbance.29

For this purpose, data are recorded via the experimental set-up depicted in Fig. 2. It consists of
(i) four Heidenhain RPN 886 tachometers (yellow squares) for the measurement of TNG velocity
and position trajectories; (ii) four DC brush-less permanent magnets electric motors with 32 pole
pair stator, three phases at 180½V� voltage alternative current (VAC) (red squares) for the impo-
sition of the real torque to the TNG; (iii) four Aerotech Soloist Hpe-50 drivers (blue squares) for
the providing of the suitable voltages to the actuators such that the desired torques, computed by
the control unit (CU), are ensured; (iv) the field-programmable gate array (FPGA) (green square),
i.e., the CU of the National Instrument compact-RIO (NI cRio) 9039 for the controlling of the
TNG telescope. Note that, the presented hardware is replicated for both axes unless the FPGA
aims at controlling both simultaneously.

The exploited data have been acquired by exciting the TNG real system via a mean zero
white noise torque, at a sample time of 0.002 (namely, the control unit sample time) and record-

ing the altitude and azimuth speed trends ~yðtÞ ¼ ½ _~ϑðtÞ; _~φðtÞ� via the on-board equipped tachom-
eters. Note that, the ground telescope presents different operative scenarios depending on the
altitude dynamics. In this work, data measurements refer to the altitude operative range of
80 and 90 deg.

The system identification problem is here formulated as an optimization task where the
objective is to find the set of linear state space matrices A, B, C, and D in Eq. (2) such that
the prediction error between the plant outputs, i.e., the measured data ~yðtÞ, and the model output,
computed based on the known inputs, i.e., yðtÞ, is minimized. Specifically, by assuming the TNG
model as a black-box system, the exploited identification procedure leverages the non-iterative
subspace method to properly compute the TNG linear state space model, and the prediction error
minimization approach to improve the accuracy of the identified matrices.30

The resulting TNG matrices are identified as in Table 1 and are such that Assumptions 1 and
2 hold, allowing the design of the proposed control approach. In doing so, being D a null matrix,
the identified TNG linear model presents a root-mean-square-error (RMSE) of 6 × 10−4 deg and
of 0.002 deg for the altitude and azimuth axes, respectively, hence highlighting a good prediction
capability.

The good prediction capability is also confirmed by Figs. 3(c)–3(f) where the time history of
the altitude prediction error ϑ̃ðtÞ − ϑðtÞ ½deg� and azimuth prediction error φ̃ðtÞ − φðtÞ ½deg� are
reported, respectively.

The reliability of the identified model in correctly predicting the TNG behavior is also
disclosed in Figs. 3(a), 3(b), 3(d), and 3(e). Specifically, the magnitude of the input–output
measurements w.r.t. the magnitude of the frequency response of the identified altitude TNG
dynamics is reported in Fig. 3(a), whereas their phase diagrams are reported in Fig. 3(b). The
same behavior can be appreciated for the azimuth TNG dynamics in Figs. 3(d) and 3(e).

Fig. 2 Schematic overview for data acquisition experimental set-up for altitude and azimuth axes.
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Remark 4: From the experimental analysis of the TNG behavior, we noted, at the low-frequency
range, a mismatching between the frequency responses of measurements and the identified
model [see Figs. 3(a), 3(b), 3(d), and 3(e)]. This is because TNG dynamics are affected by non-
linearities, such as balancing issues (caused by the TNG aging) and its strong static friction
when passing from a specific position to another one with non-zero speed. Moreover, the
frequency mismatches are justified by the exploited identification algorithm with the aim of
minimizing the prediction error trend over the time domain.

4.2 MPC-Based Tracking Control Architecture: Implementation Details
With the aim to test and validate the proposed control algorithm, the whole architecture is imple-
mented by considering a sample time of Δt ¼ 0.002 ½s�, according to the already-installed TNG
hardware architecture.31

Specifically, all the differential equations are integrated via the Runge–Kutta algorithm.
In doing so, the trajectory generator and Kalman Filter observer present the same structure
presented in Secs. 3.1 and 3.2.1, respectively, whereas the MPC control algorithm is discretized
according to the chosen sample time.

Specifically, the prediction horizon becomes ½t; tþ NpΔt� where Np is the number of
prediction samples, i.e., Np ¼ Tp∕Δt, whereas the control horizon becomes ½t; tþ NcΔt� where
Nc ¼ Tc∕Δt (Nc ≤ Np) is the number of control samples imposed to the telescope.

Fig. 3 Identification results within the operative range ϑ ∈ ð80; 90 degÞ: (a) comparison of the
magnitude measured data and the frequency response of the identified altitude axes model;
(b) comparison of the phase measured data and the phase diagram of the identified altitude axes
model; (c) time history of the prediction error ϑ̃ðtÞ − ϑðtÞ; (d) comparison of the magnitude mea-
sured data and the frequency response of the identified azimuth axes model; (e) comparison of the
phase measured data and the phase diagram of the identified azimuth axes model; (f) time history
of the prediction error φ̃ðtÞ − φðtÞ.

Table 1 TNG linear state space matrices.

Ae ¼

2
666666664

−21.59 374.92 522.37 174.12 85.41 −448.44
−363.16 −4.54 −360.01 −60.97 47.62 193.88
−321.21 331.22 −127.72 −588.27 7.52 497.92
−414.77 −64.38 1353.24 −519.62 232.46 1087.37
−39.80 −33.56 −70.82 2.58 −4.57 −371.65
180.89 −140.82 −15.70 −682.73 311.77 47.47

3
777777775

Be ¼

2
666666664

0.0072
−0.0048
−0.0048
−0.0162
0.0028
−0.0131

3
777777775

Ce ¼

2
666666664

10614.83
6577.62
3222.93
334.27
846.50
292.02

3
777777775

⊺

Aa ¼

2
666666664

226.76 959.76 478.91 174.65 1114.18 −942.69
−328.81 328.57 679.15 130.25 145.20 −132.75
537.10 −481.54 114.51 153.75 470.65 −234.11
−306.69 −133.06 −209.26 61.65 −94.12 −14.57
−595.34 −1032.85 −2433.71 183.40 −1354.58 1483.91
250.63 321.98 945.13 4.65 396.46 −458.34

3
777777775
Ba ¼

2
666666664

0.0011
0.0004
−0.0006
−0.0013
−0.0020
0.00057

3
777777775
Ca ¼

2
666666664

−17490.42
−13275.20
9480.43
−3518.08
−1713.89
24.57

3
777777775

⊺
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Then, based on the measured/estimated value at time t, indicated with xmðkjtÞ
∀ k ∈ ð0; · · · ; Np − 1Þ, the k’th value of xm is over the horizon, i.e., the one computed at time
instant tþ kΔt, where k ¼ 0; · · · ; Np − 1 is the index of the sample within the horizon. In so
doing, the local open-loop MPC control problem for ground-based telescope can be recast in the
discrete implementation form as: At time t, find

EQ-TARGET;temp:intralink-;e021a;114;675 min
upð·jtÞ

XNp−1

k¼0

kypmðkjtÞ − yðkjtÞkQ þkupðNpjtÞ − h̃ðxpmðNpjtÞÞkR þkypmðNpjtÞ − yamðNpjtÞkF;

(21a)

s.t.,

EQ-TARGET;temp:intralink-;e021b;114;605xpmðkþ 1jtÞ ¼ Amx
p
mðkjtÞþBmðupðkjtÞ − δpðkÞÞ; (21b)

EQ-TARGET;temp:intralink-;e021c;114;570ypmðkjtÞ ¼ Cmx
p
mðkjtÞ; (21c)

EQ-TARGET;temp:intralink-;e021d;114;552δpðkÞ ¼
XD
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αSτðfjÞΔf

q
cosð2πfjkþϕjÞ; (21d)

EQ-TARGET;temp:intralink-;e021e;114;514xpmð0jtÞ ¼ x̂mðtÞ; (21e)

EQ-TARGET;temp:intralink-;e021f;114;496upðkjtÞ ∈ ½ umin umax �; (21f)

EQ-TARGET;temp:intralink-;e021g;114;478ypmðNpjtÞ ¼ yaðNpjtÞ − yaðNpjtÞ; (21g)

EQ-TARGET;temp:intralink-;e021h;114;459uðNpjtÞ ¼ h̃ðxpmðNpjtÞÞ: (21h)

Note that Eq. (21b) is also integrated via Runge–Kutta over the prediction horizon. MPC param-
eters set-up is reported in Table 2, whereas the input constraints and sample time are chosen
according to the telescope motor saturation and hardware, respectively. The prediction and con-
trol horizons are chosen such that the open-loop MPC algorithm is solved in a one-time step such
that its real-time feasibility is guaranteed. Indeed, it is worth noting that, as Np increases, the
computation burden enlarges. Conversely, the more Nc increases, the less is the number of calls
of the open loop MPC algorithm. Finally, the closed-loop MPC algorithm is implemented
according to Sec. 3.2.2.

4.3 Performance Analysis
In this section, we disclose the effectiveness of the proposed MPC-based in letting the TNG
telescope track the scientific target as well as its robustness w.r.t. input external disturbances
and measurement white noises. With the aim of implementing the MPC-based control algorithm
in problem D, the derived TNG state space representation, described in Sec. 4.1, is exploited as
the prediction model. By leveraging the Yalmip toolbox along with the Mosek optimizer, the
MPC closed-loop algorithm is developed according to Sec. 3, with a proper choice of the degree
of freedom Q, R, and F reported in Table 2(a).

Conversely, the Kalman filter gain L∞ is computed according to Eq. (12) with matrices Le

and La reported in Table 2(a). The physical constraints involved in the parameter set-up of the
trajectory generator are set as in Ref. 22, and they are reported in Table 2(b).

Based on the TNG model identified in Sec. 4.1, by characterizing the von Kármán disturb-
ance model along with the measurement white noise, as in Table 2(c), the virtual testing is per-
formed by exploiting an advanced own-made MATLAB and Simulink simulation platform.
This latter exploits a trapezoidal stiffness algorithm solver (ode23t) as an integration method
with a sample time of Δt ¼ 0.002½s�.

The virtual testing procedure involves the following star tracking scenarios: (i) the tracking
of the scientific star TYC 1731-916-1; (ii) the tracking of a pseudo star, which forces the TNG to
operate near the singularity condition ϑ ≃ 89 deg. Finally, a comparison analysis, w.r.t. a Linear-
Quadratic-Gaussian-Proportional-Integrator (LQG-PI)17 and a PID12-based tracking controllers,
and a robustness analysis, w.r.t. the model mismatch between the prediction model in Eq. (16b)
and plant Eq. (2), highlights the advantages and benefits of the proposed MPC-based control
architecture.
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Remark 5: Note that the resolution of the position encoders equipped on the TNG is 139,06 arc-
sec. However, it is important to remark on two crucial aspects: (i) the real data related to TNG
dynamics, used to identify the TNG dynamical model, are obtained via the tachometer measure-
ments with a resolution that is higher than the encoder. Indeed, the conversion factor between
the encoder and the related tachometer is 1 encoder count is 1.1e−4 ½arcsec� for the related
tachometer; (ii) the own-realized simulation platform does not take into account the emulation
of the encoder as all the measured physical quantities are derived from the tachometer. This
latter point is an essential aspect for better understanding why the results in Table 3 are of one
order of magnitude less than that ensured by the encoders themselves.

4.3.1 Tracking of TYC 1731-916-1

Considering the TNG observatory, located at latitude 28° 45′ 14″ N and longitude 17° 53′ 17″W,
the scientific star target trajectories of TYC 1731-916-1 are obtained via the astronomical
computation with right ascension (RA) of 00∶29∶50 ½hh∶mm∶ss�, declination (DEC) of
23∶45∶09 ðdd∶mm∶ssÞ in the observation date 22∶03∶2024 ðdd∶mm∶yyÞ at time 13∶40∶12
ðhh∶mm∶ssÞ. Note that the real scientific star altitude trajectory is within the operative range
of the identified TNG model, i.e., θ⋆ðtÞ ∈ ð80 and 90 degÞ. Moreover, the trajectory generator
in Sec. 3.1 computes the admissible telescope trajectories ȳpðtÞ ¼ ½ϑ̄ðtÞ; φ̄ðtÞ� to reach the
star in <10 s from the rest position, i.e., initial state condition, ϑð0Þ ¼ 90 deg and φð0Þ ¼
κ 360 ½deg� ∀ κ ∈ N.

The results are depicted in Fig. 4 and disclose the high-tracking performance ensured by the
proposed optimal control architecture despite the presence of external disturbance δðtÞ and noise
measurements ω. More specifically, Figs. 4(a) and 4(b) show the position trends of the scientific
target y⋆ðtÞ ¼ ½ϑ⋆ðtÞ;φ⋆ðtÞ�, the pre-processed trajectories ypðtÞ ¼ ½ϑðtÞ;φðtÞ�, and the tele-
scope positions ½ϑðtÞ;φðtÞ�, hence confirming the achievement of the control goal Eq. (7a) with
small bounded errors [see Fig. 4(g)]. This high-tracking performance is also disclosed in
Figs. 4(d) and 4(e). Herein, it highlighted the capability of the proposed solution in ensuring
the tracking of the speed measurements yðtÞ ¼ ½ϑðtÞ;φðtÞ� toward the target star velocities,

i.e., ẏ⋆ðtÞ ¼ ½ϑ̇⋆ðtÞ; φ̇⋆ðtÞ�, and the pre-processed trajectories, i.e., ysðtÞ ¼ ½ϑ̇ðtÞ; φ̇ðtÞ�, hence
confirming the achievement of the control goal Eq. (7b) with small bounded errors [see
Fig. 4(h)]. Moreover, for the sake of completeness, Fig. 4(c) reports the time history of the
computed optimal torques uðtÞ ¼ ½τeðtÞ; τaðtÞ�, whereas Fig. 4(f) shows the effectiveness of
the Kalman filter in ensuring the convergence of the estimation errors toward zero.

4.3.2 Psuedo star in singularity condition

The effectiveness of the MPC-based control architecture is here disclosed by considering the
more challenging tracking scenario for a ground-based telescope, namely, the one close to the
singularity condition ϑðtÞ ≃ 90 deg.

Hence, considering the TNG observatory, the pseudo-scientific star target trajectories are
emulated via the astronomical computation with right ascension (RA) of 21∶25∶00 ðhh∶mm∶ssÞ,
declination (DEC) of 27∶60∶00 ðdd∶mm∶ssÞ in the observation date 9∶10∶2023 ðdd∶mm∶yyÞ
at time 20∶53∶52.72 ðhh∶mm∶ssÞ. In doing so, the altitude of the pseudo star is ∼89 deg,
whereas the telescope is in rest position, i.e., ϑð0Þ ¼ 90 deg and φð0Þ ¼ κ 360 deg ∀ κ ∈ N.

According to the initial setting for the TNG telescope and the scientific target position
ypðtÞ ¼ ½ϑðtÞ;φðtÞ�, the trajectory generator, in Sec. 3.1, computes the admissible telescope tra-
jectories to reach the star in less than 50 s. The results are depicted in Fig. 5 and disclose the high-
tracking performance ensured by the proposed optimal control architecture despite the presence
of external disturbance δðtÞ and noise measurements ω. More specifically, Figs. 5(a) and 5(b)
show the position trends of the pseudo star y⋆ðtÞ ¼ ½ϑ⋆ðtÞ;φ⋆ðtÞ�, the pre-processed trajectories
ypðtÞ ¼ ½ϑðtÞ;φðtÞ�, and the telescope positions ½ϑðtÞ;φðtÞ�, hence confirming the achievement
of the control goal Eq. (7) with small bounded errors [see Fig. 5(g)]. Moreover, Figs. 5(d) and

5(e), reporting the velocities trends of the pseudo star _y⋆ðtÞ ¼ ½ _ϑ⋆ðtÞ; _φ⋆ðtÞ�, the pre-processed
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speed trajectories ysðtÞ ¼ ½ϑ̇ðtÞ; φ̇ðtÞ�, and the telescope speeds yðtÞ ¼ ½ _ϑðtÞ; _φðtÞ�, show the
capability of the MPC-based tracking control in ensuring the speed tracking of the target pseudo
star, hence confirming the achievement of the control goal Eq. (7b) with small bounded error
[see Fig. 5(h)]. Moreover, for the sake of completeness, Fig. 4(c) reports the time history of the
computed optimal torques uðtÞ ¼ ½τeðtÞ; τaðtÞ�, whereas Fig. 4(f) shows the effectiveness of the
Kalman filter in ensuring the convergence of the estimation errors toward zero.

4.4 Comparison Analysis
To better highlight the advantages and the benefits of the proposed MPC-based control archi-
tecture in solving the tracking telescope control problem, in this section, we compare its closed-
loop performance with both the one achievable via the LQG-PI-based double-layer control
architecture recently proposed in Ref. 17 and the one obtainable via PID-based control approach
in Ref. 12. For more details about the control design, the tuning rules, and the values of the
control gains for both the controllers in comparison, see Ref. 17.

The comparison analysis is performed by considering four different pseudo-star trajectories,
which are selected such that ϑ⋆ð0Þ is within the operative range of the TNG-identified model,
i.e., ϑ⋆ð0Þ ¼ ð78; 82; 87; 89 degÞ, respectively.

To disclose the improved performance achievable via the proposed approach, the following
KPIs are exploited: (i) the tracking index (TI), which evaluates the effectiveness of a controller in

Fig. 4 Performance analysis for the TNG case study. Tracking of TYC 1731-916-1. Time history of
(a) altitude position of the star ϑ⋆ðtÞ, trajectory generator ϑðtÞ, and telescope ϑðtÞ; (b) the azimuth
position of the star φ⋆ðtÞ, trajectory generator φðtÞ, and telescope ϑðtÞ; (c) optimal control torques

uðtÞ; (d) altitude speed of the star _ϑ⋆ðtÞ, trajectory generator ϑ̇ðtÞ, and telescope _ϑðtÞ; (e) azimuth
speed trajectory _̄φðtÞ and telescope speed φ̇ðtÞ; (f) estimation state errors xðtÞ − x̂ðtÞ provided by
the Kalman filter; (g) tracking position errors y⋆ðtÞ − ypðtÞ; (h) tracking speed errors _y⋆ðtÞ − yðtÞ.
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tracking the reference behavior imposed by a trajectory generator;32 (ii) the RMSE, which
assesses the performance of a controller in tracking the pseudo star at the steady state, that is,
after the engagement of this latter.33

More specifically, the TI, which weights the speed and position tracking error, is formal-
ized as

EQ-TARGET;temp:intralink-;e022;117;208TIjϑ ¼
1

Ts

Z
Ts

0

jϖp · ðϑðρÞ − ϑðρÞÞþϖs · ðϑ̇ðρÞ − ϑ̇ðρÞÞjdρ; (22)

EQ-TARGET;temp:intralink-;e023;117;160TIjφ ¼ 1

Ts

Z
Ts

0

jϖp · ðφðρÞ − φðρÞÞþϖs · ðφ̇ðρÞ − φ̇ðρÞÞjdρ; (23)

where ϖp andϖs are positive weights that represent the sensitivity to the position and the veloc-
ity error and are set as ϖp ¼ 1 and ϖs ¼ 10.

Conversely, for the computation of the RMSE, we take into account the time windows start-
ing from t0 ¼ 100½s�, namely, the time required by the pre-processed trajectories in engaging the
target star, until the end of the simulation scenario, i.e., the simulation time Ts ¼ 300½s�. Hence,
the RMSE, for both position trajectories, is equated as

Fig. 5 Performance analysis for the TNG case study. Tracking of the pseudo star in singularity
condition. Time history of (a) altitude position of the star ϑ⋆ðtÞ, trajectory generator ϑðtÞ, and tele-
scope ϑðtÞ; (b) the azimuth position of the star φ⋆ðtÞ, trajectory generator φðtÞ, and telescope ϑðtÞ;
(c) optimal control torques uðtÞ; (d) altitude speed of the star _ϑ⋆ðtÞ, trajectory generator ϑ̇ðtÞ, and
telescope _ϑðtÞ; (e) azimuth speed trajectory φ̇ðtÞ and telescope speed _φðtÞ; (f) estimation state
errors xðtÞ − x̂ðtÞ provided by Kalman filter; (g) tracking position errors y⋆ðtÞ − ypðtÞ; (h) tracking
speed errors _y⋆ðtÞ − yðtÞ.
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EQ-TARGET;temp:intralink-;e024;114;535RMSEjϑ ¼ 1

Ts − t0

Z
Ts

t0

kϑ⋆ðρÞ − ϑðρÞk2dρ; (24)

EQ-TARGET;temp:intralink-;e025;114;492RMSEjφ ¼ 1

Ts − t0

Z
Ts

t0

kφ⋆ðρÞ − φðρÞk2dρ: (25)

Comparison results, reported in Table 3, demonstrate the high performance achieved and the
improvement of the MPC-based tracking control w.r.t. both the LQG-PI and the PID-based archi-
tectures in terms of TI and RMSE, despite the presence of external disturbance δðtÞ. Furthermore,
as shown in the RMSE-improved performance, the proposed strategy is able to properly reject the
noise measurement and hence ensure a precise tracking of the appraised scientific star target.

4.5 Robustness Analysis
Herein, with the aim of demonstrating the benefits and the drawbacks of the proposed MPC-
based control architecture, we present a robustness analysis w.r.t. the model mismatch between
the prediction model in Eq. (16b), exploited for solving the open-loop optimal problem inD, and
the TNG plant in Eq. (2).

In doing so, as in Ref. 34, the model mismatch is taken into account by considering the
following inertial matrix A ¼ Aþ ιA being A the nominal inertial matrix reported in Table 1
while ι ∈ ð0; 1Þ representing the uncertainties. The tracking of TYC 1731-916-1 is selected
as a simulation scenario, and to better highlight the robustness of the model mismatch, no wind
disturbance is considered, i.e., δðtÞ ¼ 0. Moreover, the simulation time is set to Ts ¼ 10½s�.
We consider model uncertainties of 10%, 20%, and 30%, i.e., ι ¼ 0.1; 0.2; 0.3, respectively.
The KPIs, described in Sec. 4.4, are exploited to assess the benefits/limitations of the proposed
MPC-based control architecture.

Simulation results are reported in Fig. 6, where the error position trend for the altitude and
azimuth axes is disclosed in Figs. 6(a) and 6(b), respectively. From them, it is possible to observe
that, although the proposed architecture performances are slightly downgraded (as the model
mismatch between the prediction model increases), the star tracking is still ensured with small
bounded errors. This is also confirmed by the performed TI and RMSE indexes reported in
Table 4.

5 Conclusions
In this paper, the optimal tracking control problem for a ground-based telescope in the presence
of noise measurements and external disturbances has been addressed. A novel MPC-based con-
trol architecture, comprehensive of a trajectory generator for ensuring the physical constraints of
the telescope, and an infinite horizon Kalman filter to properly mitigate the measurement noise,
has been proposed. The solution has been tailored for the TNG telescope located at “Roque de los
Muchacho,” La Palma (Spain). To this end, by leveraging real telescope data, the TNG dynamical

Fig. 6 Robustness analysis of the proposed MPC-based control architecture w.r.t. 10%, 20%, and
30% model mismatch, that is, ι ¼ 0.1; 0.2; 0.3, respectively. Time history of (a) altitude position
error ϑðtÞ − ϑðtÞ and (b) azimuth position error φðtÞ − φðtÞ.
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behavior has been identified via the non-iterative subspace approach. Based on that, the proposed
MPC-based controller plus a Kalman filter have been developed via Yalmip-tool and Mosek
optimizer in MATLAB environment. The effectiveness of the proposed solution in ensuring the
optimal star tracking of the TNG telescope has been disclosed via virtual simulation, carried out
via an advanced own-made MATLAB and Simulink platform, for different star tracking scenar-
ios, also involving the real scientific target TYC 1731-916-1. The results prove the capability of
the architecture in achieving the control goals with high tracking performance despite the pres-
ence of external disturbances and measurement noise with significant improvements w.r.t. state-
of-the-art control strategies.

Finally, future works include (i) the improvement of the identification procedure to over-
come the limitation stated in remark 4 while also enlarging the TNG operative range, i.e., 15 and
89 deg; (ii) extension of the own-realized MATLAB-based simulation platform by including
dedicated modules emulating the TNG sensors behavior and limitations. In doing so, the test
and the validation of the proposed MPC-based control architecture on the real TNG telescope
can be performed as final future work.

Code and Data Availability
The data supporting the findings of this study as well as the developed control algorithm are
openly available at MPC-tracking-4-Ground-Based-Telescope at the link https://github.com/
GiacomoBasile/MPC-tracking-4-Ground-Based-Telescope.git.
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